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SMOOTH FOURIER MULTIPLIERS 
IN GROUP ALGEBRAS VIA SOBOLEV DIMENSION 

ADRIAN M. GONZALEZ-PEREZ, MARIUS JUNGE, JAVIER PARGET 


Abstract. We investigate Fourier multipliers with smooth symbols defined 
over locally compact Hausdorff groups. Our main results in this paper establish 
new Hormander-Mikhlin criteria for spectral and non-spectral multipliers. The 
key novelties which shape our approach are three. First, we control a broad 
class of Fourier multipliers by certain maximal operators in noncommutative 
Lp spaces. This general principle —exploited in Euclidean harmonic analysis 
during the last 40 years— is of independent interest and might admit further 
applications. Second, we replace the formerly used cocycle dimension by the 
Sobolev dimension. This is based on a noncommutative form of the Sobolev 
embedding theory for Markov semigroups initiated by Varopoulos, and yields 
more fiexibility to measure the smoothness of the symbol. Third, we introduce 
a dual notion of polynomial growth to further exploit our maximal principle for 
non-spectral Fourier multipliers. The combination of these ingredients yields 
new Lp estimates for smooth Fourier multipliers in group algebras. 


Introduction 

The aim of this paper is to study Fourier multipliers on group von Neumann 
algebras for locally compact Hausdorff groups. More precisely, the relation between 
the smoothness of their symbols and Lp-boundedness. This is a central topic in 
Euclidean harmonic analysis. In the context of nilpotent groups, it has also been 
intensively studied in the works of Cowling, Muller, Ricci, Stein and others. In 
this paper we will consider the dual problem, placing our nonabelian groups in the 
frequency side. Today it is well understood that the dual of a nonabelian group 
can only be described as a quantum group, its underlying algebra being the group 
von Neumann algebra. The interest of Fourier multipliers over such group algebras 
was recognized early in the pioneering work of Haagerup |12j . as well as in the 
research carried out thereafter. It was made clear how Fourier multipliers on these 
algebras can help in their classification, through the use of certain approximation 
properties which become invariants of the algebra. Unfortunately, the literature 
on this topic does not involve the Lp-theory —with a few exemptions like [22] and 
the very recent paper of Lafforgue and de la Salle [26] — as it is mandatory from a 
harmonic analysis viewpoint. In this respect, our work is a continuation of mun] 
where 1-cocycles into finite-dimensional Hilbert spaces were used to lift multipliers 
from the group into a more Euclidean space. This yields Hormander-Mikhlin type 
results depending of the dimension of the Hilbert space involved. Here, we shall 
follow a different approach through the introduction of new notions of dimension 
allowing more room for the admissible class of multipliers. These notions rely on 
noncommutative forms of the Sobolev embedding theory for Markov semigroups, 
which Carrie an ‘encoded geometry’ in the commutative setting. Prior to that, we 
need to investigate new maximal bounds whose Euclidean analogues are central in 
harmonic analysis. In this paper we shall limit ourselves to unimodular groups to 
avoid technical issues concerning modular theory. 
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This text is divided into three blocks which are respectively devoted to maximal 
bounds, Sobolev dimension and polynomial co-growth. Let us first put in context 
our maximal estimates for Fourier multipliers. Given a symbol m : M" —>■ C with 
corresponding Fourier multiplier Tm , there is a long tradition in identifying maximal 
operators M which satisfy the weighted L 2 -norm inequality below for all admissible 
input functions / and weights w 

(WL2) f \T^ffw < f \f\^Mw. 


It goes back to the work of Cordoba and Fefferman in the 70’s. This general 
principle has deep connections with Bochner-Riesz multipliers and also with Ap 
weight theory. The Introduction of [2] gives a very nice historical summary and 
new results in this direction. The main purpose of this estimate is that elementary 
duality arguments yield for p > 2 that 

\\Tm : Lp{M.^) ^ Lp(M”)|| < \\M : L(p/2)'(K”) ^ T(p/2)KR”)||^- 

The most general noncommutative form of this inequality would require too much 
terminology for this Introduction. Instead, let us just introduce the basic concepts 
to give a reasonable but weaker statement. Stronger results will be given in the 
body of the paper. Let G be a locally compact Hausdorff group. If we write p for the 
left Haar measure of G and A for the left regular representation A : G —>■ B{L 2 G), 
the group von Neumann algebra CG is the weak operator closure in B{L 2 G) of 
A(Li(G)). We refer to Section [T] for a construction of the Plancherel weight r on 
CG, a noncommutative substitute of the Haar measure. Note that r is tracial 
iff G is unimodular —which we assume— and it coincides with the finite trace 
given by t{x) = {6e,xde) when G is discrete. In the unimodular case, {LG,t) is 
a semifinite von Neumann algebra with a trace and it is easier to construct the 
noncommutative Lp-spaces Lp(£G, t) with norm ||a;||p = where \x\p = 

{x*xY/‘^ by functional calculus on the (unbounded) operator x*x. Given a bounded 
symbol m : G —?► C, the corresponding Fourier multiplier is densely defined by 
= A(m/). Alternatively, it will be useful to understand these operators as 
convolution maps in the following way 

Tm{x) = A(m) -kx = {t ® Id)(5A(m) {ax ® 1 )), 

where 5 : CG —>■ CG®CG is determined by 5{Xg) = \g ® \g and cr : CG —>■ CG 
is the anti-automorphism given by linear extension of a{\g) = A^-i. The first 
map is called the comultiplication map for CG, whereas a is the corresponding 
coinvolution. Our next ingredient is the Lp-norm of maximal operators. Given a 
family of noncommuting operators {x,^),^ affiliated to a semifinite von Neumann 
algebra M., their supremum is not well-defined. We may however consider their 
Lp-norms through 


sup+it^ 

ui^Q, 


L^{M) 






where the mixed-norm Lp(Loo)-space has a nontrivial definition obtained by Pisier 
for hyperfinite Ai in [32j and later generalized in [ElET]. This definition recovers 
the norm in Lp(S; Loo(f^)) for abelian Ai = Loo(Al), further details in Section 
[1] Finally, conditionally negative lengths ■i/' : G —>■ 1R+ are symmetric functions 
vanishing at the identity e which satisfy f^'a^ahY{g~^h) < 0 for any family of 
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coefficients with Og = 0. Due to its one-to-one relation to Markov convolution 
semigroups, they will play a crucial role in this paper. In the classical multiplier 
theorems, the symbols m are cut out with functions ??(|'CI) for some compactly 
supported 77 G C'°“(]R+). Our techniques do not allow us to use compactly supported 
functions in R+. Instead, we are going to use analytic functions decaying fast near 
0 and near 00 . We will call such 77 an 7^g“-cut-ofT, see Section [T] for the precise 
definitions. The archetype of such functions will be r](z) = ze~^. 


Theorem A. Let G he a unimodular group equipped with any eonditionally negative 
length ip : G ^ M-).. Let 77 be an -cut-off and m : G ^ C an essentially bounded 
symbol constant on Gq = {g & G : tp{g) = 0}. Assume Bt = \{mirj{tifi)) admits a 
decomposition Bt = T,tMt with Mt positive and satisfying Mt = crMt, and consider 
the convolution map TZ{x) = ir)t>o- Then the following inequality holds for 

2 < p < 00 


\\Tm\\BiLpiCG)) ^(p) 



■ T(^p/2)'{CG) —>■ Lppi2y{TG\ Loo(K.-i-)) 


2 


By duality, a similar stamens holds for 1 < p < 2. Moreover, a stronger result 
holds in terms of noncommutative Hardy spaces which allows more general symbols 
and decompositions. Theorem El combines in a very neatly way noncommutative 
generalizations of ( IWT 2 I ) with square function estimates. In the particular case of 
Hormander-Mikhlin symbols —as we shall see along this paper— the decomposition 
splits the assumptions. Namely, the L 2 -norm of Et is bounded using the smoothness 
condition while the maximal 7^ is bounded through the geometrical assumptions 
regarding the dimensional behaviour of tp. Apart from the direct consequences given 
in the present paper, this result is of independent interest and admits potential 
applications in other directions to be explored in a forthcoming publication. 

Given a conditionally negative length ip : G ^ K+, the infinitesimal generator 
of the semigroup \g 1 —>■ exp{—tip{g))Xg is the map determined by A(Ag) = ip{g)Xg. 
In particular, 7 / 7 -radial Fourier multipliers fall in the category of spectral operators 
of the form m(A). These maps are known as spectral multipliers and play a central 
role in the theory. Our aim in this second block is to find smoothness criteria on 
m which implies Lp-boundedness of the spectral multiplier Tmo-y- 

It is well understood —specially after liisn]— that if we want to obtain Lp 
boundedness for m(A) from the smoothness of m, for every semigroup, we need to 
impose analyticity on m. To obtain an smoothness condition with a finite number 
of derivatives our space needs to be finite-dimensional. Indeed, it is known that 
the optimal smoothness order may growth with the dimension. This indicates the 
necessity of defining a notion of dimension in the non-commutative setting. We 
will take as dimension the value d > 0 for which a Sobolev type embedding holds 
for A. Recall that there is a Sobolev embedding theory for Markov semigroups 
introduced by Varopoulos [32]. More precisely, given a measure space (D,//) and 
certain elliptic operator A generating the Markov process St = exp(—tA), one can 
introduce the Sobolev dimension d for which the equivalence below holds 

ll/l|L^(n) < ll^"/|lL 2 (n) ^ 1111 Loo (n) - ll/llLi(n)- 

The property of the right hand side is known as ultracontractivity. When it holds 
for the semigroup generated by an invariant Laplacian on a Lie group, it forces 
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fj,{Bt{e)) ~ Thus, we can understand ultracontractivity as a way of describing 
the growth of balls. With that motivation we introduce general ultracontractivity 
properties 

IIS'* : Li(M) ^ 7W|L ^ 

II * IV ^ 

where cb stands for completely bounded. The function $ will measure the “growth 
of the balls”. Since doubling measure spaces are widely recognized as a natural 
setting for performing harmonic analysis, we will impose $ to be doubling, i.e.: 


sup 

t>o 


m j 


< oo. 


and our doubling dimension will be given by 


Z?tj> 


log 2 sup 

t>0 


m I 


In the classical abelian setting, apart from the ultracontractivity —or on-diagonal 
behaviour of St — we need to impose off-diagonal decay on St, typically Gaussian 
bounds. Let (G, ip, X) be a triple formed by a locally compact Hausdorff unimodular 
group G, a conditionally negative length -0 : G —>■ R+ and an element X in the 
extended positive cone £G^, see min] for precise definitions. We will say that 
the triple satisfies the standard assumptions when: 


i) Doublingness 

$x(s) = t(x[o,s)(X)) is doubling. 

ii) L 2 Gaussian upper bounds 


< 


«'x(ys) 


for some /? > 0. 


hi) Hardy-Little-wood maximality 


+ X[ 0 .s)(^) 
sup^ , ' ' * X 

s >0 s 


< 


(p) \\x\\lp(cg) for every 1 < p < 00 . 


Lp(CG) 


We will also require the inequality iii) to hold uniformly for matrix amplifications. 
As we shall see, inequality ii) implies ultracontractivity with as growth function. 
We will omit the dependency of X from when it can be understood from the 
context. It is also interesting to point out that, in the classical case, Gaussian 
bounds can be deduced from the ultracontractivity in the presence of geometrical 
assumptions like locality or finite speed of propagation for the wave equation, see 
[23 [31] and [351 Section 3]. Generalizing such results to the noncommutative setting 
will be the object of forthcoming research. The connection of standard assumptions 
with smooth ^-radial Fourier multipliers is nearly optimal. 


Theorem B. Let {G,ip,X) be any triple satisfying the standard assumptions which 
we considered above. Given an T-l^-cut-off function rj and a symbol m : K+ —>■ C, 
the following inequalities hold for 1 < p < 00 \ 

i) //s> p$ + l)/2 

WTmo^WcBiLpiCG)) < SUp || m(b)»7(-) 1^2.. (r^) ■ 
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ii) If s > and if € CBPlan^ for some q > 2 

\\Tmo-^\\cBiL^{CG)) ^ SUp ||TO(i-)r7(-) || ^,.3■ 

The last inequality holds with q = oo under the sole assumption of s > D^/2. 

The term CB also stands for “complete bounded” and the property CBPlan^ 
plays the role of the q-Plancherel property introduced by Duong-Ouhabaz-Sikora 
[5], see the body of the paper for concrete definitions. The proof of Theorem B is 
the most technical in this paper. It will explain the decoupling nature of Theorem 
m The St are controlled using the Sobolev smoothness (via the Phragmen-Lindelof 
theorem) for any degree s > 0 , whereas the maximal bound determines optimal 
restrictions in terms of the Sobolev dimension 

Theorem B should be illustrated with interesting examples. The existence of 
natural triples satisfying the standard assumptions for nonabelian groups is the 
subject of current research, which will appear elsewhere. In this paper we shall 
construct such triples out of finite-dimensional cocycles. This permits to recover 
the results in [191 EQ] for ■i/j-radial multipliers. In fact, we should emphasize at this 
point that the notion of dimension in the previous approach was limited to the 
Hilbert space dimension of the cocycle determined by the length if. Working with 
finite-dimensional cocycles is an unfortunate limitation which we could remove for 
noncommutative Riesz transforms in [20] . Theorem B allows to go even further for 
smooth radial multipliers. 

In our third and last block of this paper, we consider general (non-spectral) 
Fourier multipliers. Apart for the semigroup over CG generated by if we will 
endow G with two semigroups Si/S^ '■ Lao{G) —>■ Lao{G) of left/right invariant 
operators. The intuition here is that will describe the geometry of G while the 
semigroup generated by if will describe the geometry of its dual. If A denotes the 
infinitesimal generator of a semigroup over Loo{G), we use the standard notation 
for its nonhomogeneous Sobolev spaces 

WfWw^-AG) = l|(l + ^)"/|Lp(G)- 

When S is left invariant there exists a positive densely defined operator A affiliated 
to CG such that X{Af) = X{f)A for all / G dom 2 (A). In a similar way we obtain 
X(Af) = AX{f) when S is right invariant, see Proposition 13.31 for the proof. Then 
we define the polynomial co-growth of A as follows 

cogrowth(A) = inf |r > 0 : (1 -h 1)“^ e Li{CG)^ . 

Our choice for the term “polynomial co-growth” sits on the intuition that A behaves 
like in the case of the Laplacian A on and therefore cogrowth(A) = D 
follows from the fact that large balls grow like r^. Further in Section [3] we will 
characterize polynomial co-growth by relating the behavior of small balls in G with 
“large balls” in £G, see Remark 13.81 for further explanations. It is also worth 
mentioning the close relation between polynomial growth and Sobolev dimension 
as it will be analyzed in the body of the paper. Our main result in this direction is 
the following criterium for non-spectral multipliers. 
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Theorem C. Let G he a unimodular group equipped with a conditionally negative 
length '0. Let S 1 /S 2 be respectively left/right invariant suhmarkovian semigroups on 
Loo{G) whose generators Aj satisfy cogrowth(Aj) = Dj for j = 1,2. Consider an 
-cut-off function rj and a symbol m : G —>■ C which is constant in the subgroup 
Go = {g € G \ 0 ( 5 ) = 0}. Then, if sj > Djl2 for j = 1,2, the following inequality 
holds for 1 < p < 00 

\\Tm\\cB{L^{CG)) <(p) sup max | || 77 (i 0 ) ||77(t0) m||^ 2 ,^. 2 (g) }■ 

Theorem ICl establishes a link between the, a priori unrelated, geometries which 
determine 0 and Sj. Indeed, we use the length 0 to cut m —determining the size of 
the support— and use Aj to measure the smoothness of m. It is interesting to note 
that passing to the dual requires a size condition on A, reinforcing the intuition 
that duality switches size and smoothness. The main difference with Theorem |B] 
is that in this general context we have been forced to place the dilation in the 
cut-off function 77 instead of the multiplier to. We conclude the paper illustrating 
Theorem E] for Lie groups of polynomial growth by means of the subriemannian 
metrics determined by sublaplacians, see Corollary [TO] 

1. M 2 Lximal bounds 

1.1. Preliminaries. Although the material here exposed is probably well-known 
to experts, let us review some notions and results in the interface between harmonic 
analysis and operator algebra that we will need throughout this section. We will 
start with a brief exposition of noncommutative integration theory, including the 
construction of noncommutative Lp spaces. Our main example will be the group 
von Neumann algebra of an unimodular Lie group equipped with its canonical 
Plancherel trace. Then we will review some basics of operator space theory as well 
as the construction of certain mixed-norm spaces. Finally we will consider Markov 
semigroups with an special emphasis on semigroups of convolution type. We will 
revisit Hardy spaces and square function estimates associated with a semigroup. 

1.1.1. Noncommutative Lp spaces. Part of von Neumann algebra theory has 
evolved as the noncommutative form of measure theory and integration. A von 
Neumann algebra Ai [25l HOj |41] , is a unital weak-operator closed C*-subalgebra of 

the algebra of bounded linear operators on a Hilbert space Tt. We will write 
Imj or simply 1, for the unit. The positive cone At+ is the set of positive operators 
in Ai and a trace r : Ai+ —>■ [0, 00 ] is a linear map satisfying t(x*x) = t{xx*). Such 
map is said to be normal if sup,^T(a;o,) = T(sup,^a;a) for bounded increasing nets 
(xa); it is semifinite if for x G At+ \ {0} there exists 0 < x' < a; with r(x') < 00 ; 
and it is faithful if t(x) = 0 implies x = 0. The trace t plays the role of the 
integral in the classical case. A von Neumann algebra Ai is semifinite when it 
admits a normal semifinite faithful (n.s.f. in short) trace r. Any x € A1 is a 
linear combination Xi — X 2 -f 7 X 3 — 1 x 4 of four positive operators. Thus, r extends 
as an unbounded operator to nonpositive elements and the tracial property takes 
the familiar form t(xj/) = t(?/x). The pairs (Ad,r) composed by a von Neumann 
algebra and a n.s.f. trace will be called noncommutative measure spaces. Note that 
commutative von Neumann algebras correspond to classical measurable spaces. 
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By the GNS construction, the noncommutative analogue of measurable sets 
(characteristic functions) are orthogonal projections. Given x € M+, its support 
is the least projection q in M such that qx = x = xq and is denoted by supps. Let 
be the set of all / € such that r(supp/) < oo and set Sm to be the linear 
span of If we write |a;| = y/x*x, we can use the spectral measure dE of |a;| to 
observe that 

X G Sm => \x\^ = [ dE{s) G ^ t(|x|^) < oo. 

If we set ||a;||p = T(|a;|P)p, we obtain a norm in Sm for 1 < p < oo. By the strong 
density of Sm in the noncommutative Lp space Lp{A4) is the corresponding 
completion for p < oo and Lao{M) = M. Many basic properties of classical Lp 
spaces like duality, real and complex interpolation. Holder inequalities, etc hold in 
this setting. Elements of Lp{Ai) can be described as measurable operators affiliated 
to (A4,t), we refer to Pisier/Xu’s survey |34j for more information and historical 
references. Note that classical Lp spaces Lp{Lt,p) are denoted in this terminology 
as Lp{M.) where is the commutative von Neumann algebra Loo{Lt, p). 

1.1.2. Group algebras and comultiplication formulae. Our main example 
of noncommutative measure space in this paper is that of group von Neumann 
algebra. Let G be a locally compact and Hausdorff group (LCH group in short) 
equipped with its left Haar measure p. Let A : G —^ B{L 2 G) be the left regular 
representation. We will also use A to denote the linear extension of A to the space 
Li(G). We will denote by G^G the norm closure of A(Li(G)) and by CG the closure 
of G^G in the weak operator topology. LG is usually referred to as the group von 
Neumann algebra associated to G. There is a distinguished normal faithful weight 
T : £G+ —R+ such that A : Li(G) fl L 2 {G) —>■ LG extends to an isometry from 
L 2 {G) to L 2 {LG,t), the GNS construction associated to r. Such weight is unique 
and it is called the Plancherel weight. When the function / belongs to the dense 
class Gc(G) + Gc(G) we have t(A(/)) = /(e). The Placherel weight is tracial if and 
only if G is unimodular. In this case it is called the Placherel trace. From now on 
we will focus on unimodular groups. We will often work with the spaces Lp{LG, r) 
although the dependency on r will be dropped in our terminology. 

LG has a natural comultiplication given by linear extension of S{Xg) = Xg 'S) Xg 
which extends to a ^-homomorphism 6 : C^G ^ GjJGGmin G^G. There is a unique 
normal extension S : LG —>■ LG ® LG. This is a consequence of the fact that if 6 is 
normal then <5* : £G* ® LG^ —>■ £G*. Here Gmin and 0 represent respectively the 
minimal and projective o.s. tensor products |33j and 0 denotes the weak operator 
closure of the algebraic tensor product. Identifying L{G x G)» with £G* 0 £G, we 
have 

figi, 92)X^g^^g^)dp{gi)dp{g2)) = / f{g,g)Xgdp{g), 

^JGxG ^ JG 

for every / G Gc(G) * Gc(G). The boundedness of (5, is then a consequence of the 
Herz restriction theorem m- It is interesting to note that the Plancherel weight 
can be characterized as the unique normal, nontrivial and (5-invariant weight, where 
(5-invariant means that 


(r 0 Id)(5a; = r(a;)l. 
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Analogously, Fourier multipliers are characterized as i5-equivariant maps 

6T = (T® Id)5 = (Id® r),5. 

We will denote by a : CG —> CG the anti-automorphism given by linear extension 
of cr(Ag) = Ag-i. The quantized convolution of two elements x,y affiliated to CG is 
defined by 

x-ky = (r ® Id) (5x {ay ® 1 )). 

Observe that given m G Loo{G), the corresponding Fourier multiplier has the form 
Tm{x) = A(m) -k X = {t ® Id)(5A(m) {ax ® 1 )). 

1.1.3. Operator space background. The theory of operator spaces is regarded 
as a noncommutative or quantized form of Banach space theory. An operator space 
A is a closed subspace of B{'H). Let Mm{E) be the space oi m x m matrices with 
entries in E and impose on it the norm inherited from Mm{E) C B{T-V^). The 
morphisms in this category are the completely bounded linear maps (c.b. in short) 
u : E ^ F, i.e. those satisfying 

\\U\\CB{E,F) = \\u:E^ = sup ||ldM„ 0 4BiM„iE).MmiF)) < 

Similarly, given C*-algebras A and B, a linear map u : A —>■ B is called completely 
positive (c.p. in short) when 0 m is positivity preserving for m > 1. When 

a c.p. map it : A —>■ i? is contractive (resp. unital) we will say it is a c.c.p. (resp. 
u.c.p.) map. The Kadison-Schwartz inequality for a c.c.p. map u : A4 JH claims 
that 

u{x)*u{x) < u{x*x) for all x € A4. 

Ruan’s axioms describe axiomatically those sequences of matrix norms which can 
occur from an isometric embedding into B{'H). Admissible sequences of matrix 
norms are called operator space structures (o.s.s. in short) and become crucial in 
the theory. Given a Banach space X and an isometric embedding p : X ^ B{'H) 
we will denote by X^ the corresponding operator space. Central branches from the 
theory of Banach spaces like duality, tensor norms or complex interpolation have 
been successfully extended to the category of operator spaces. Rather complete 
expositions are given in 01311 [ 33 ]- Two particular aspects of operator space theory 
which are relevant in this paper are the following: 

A. Vector-valued Schatten classes. We will denote by Sp the Schatten p-class 
given by Sp = Lp(S(£ 2 ),Tr) with Tr the standard trace in B{(. 2 )- Similarly, 5™ 
stands for the same space over m x m matrices. Vector-valued forms of these 
spaces can be defined as long as we define an o.s.s. over the space where we take 
values. Given an operator space E, we may define the E-valued Schatten classes 
S'^[E] as the operator spaces given by interpolation 

S'^IE] := [SZ[E],ST[E]], := [S^ E, ST §> E] 

P P 

These classes provide a useful characterization of complete boundedness 
\\U\\CB{E,F) = sup ||ldM™ 0 “|lB(Sm(i5),Sm(i;’)) ^r 1 < p < OO. 

For a general hyperfinite von Neumann algebra Ai the construction of Lp{Ai\E) is 
carried out by direct limits of A-valued Schatten classes. We refer to Pisier’s book 
[ 33 ] for more on vector-valued noncommutative Lp spaces. The space Lp{Ai;E) for 


SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 


9 


nonhyperfinite A4 cannot be constructed without losing fundamental properties like 
projectivity/injectivity of the functor E i-A Lp{M;E). Fortunately, this drawback 
is solvable for the vector-valued Lp space we shall be working with. 

B. Operator space structure of Lp. Given an operator space E, its opposite 
Eop is the operator space which comes equipped with the operator space structure 
determined by the o.s.s. of E as follows 


^ ^ (^jk ^ ^jk 
i,k=i 


Mm{Eap) 


^ ^ 0/kj ^ ^jk 
j,k=l 


MmiE)' 


where Cjk stand for the matrix units in Mm- Alternatively, if A C then 

Eop = E^ C where T is the transpose. The op construction plays a role 

in the construction of a “natural” o.s.s. for noncommutative Lp spaces. If Mi is 
a von Neumann algebra we will denote by Mop it opposite algebra, the original 
algebra with the multiplication reversed. It is a well-known result that Mop and 
M need not be isomorphic [5]. For every operator space E the natural inclusion 
j : E ^ E** is a complete isometry. This allows us to build an operator space 
structure in the predual as the only operator space structure that makes the 
inclusion j ■. M* ^ M* completely isometric. The operator space structure of 
Lp{M) is given by operator space complex interpolation between Li{M) = (Adop)* 
and M. In particular, it turns out that 


Lp{M)* ~ Lp,{Mop) 

is a complete isometry for I < p < oo, see [331 PP- 120-121] for further details. 


1.1.4. Too-valued Lp spaces. Maximal inequalities are a cornerstone in harmonic 
analysis. Unfortunately, the supremun of a family of noncommuting operators is 
not well-defined, so that we do not have a proper noncommutative analogue of 
maximal functions. Nevertheless, this difficulty can be overcome if all we want is 
to bound is the maximal function in noncommutative Lp, as usually happens in 
harmonic analysis for commutative spaces. In that case we exploit the fact that the 
p-norm of a maximal function can always be written as a mixed Lp (Loo )-norm of 
the corresponding entries. This reduces the problem to construct the vector-valued 
spaces Lp(Al; Loo(U)). This construction can be carried out without requiring 
M to be hyperfinite, relaying in the commutativity of Loo(ll). Lp(Al; Loo(ll)) is 
defined as the subspace of functions x G Loo{M, Lp{M)) which admit a factorization 
of the form Xpj = ayuj P with q:,/3 G L 2 p{M) and y G Loo{M, M). The norm in 
such space is then given by 

= inf |||a|| 2 p(esssup ||/3||2p : x = ay^Y 


When Xpj > 0 the norm coincides with 

(1.1) {\\y\\Lp{M) ■■ Xpj <y for a.e. w G llj. 

Its operator space structure satisfies 


5™[Lp(7W;Loo(ll))] = Lp(M„ ® 7W;Loo(ll)). 

It is standard to use the following notation for the noncommutative Lp(Loo)-norm 

Lp(M) ^ 


sup+ Xuj 
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where the sup is just a symbolic notation without an intrinsic meaning. In the proof 
of Theorem |B] we will use the fact that if { 1 ^ 012 )^ 2 ^ 0.2 i® ^ family of finite positive 
measures in and is a family of positivity preserving operators, then 

the following bound holds for x G Lp(Ai)+ 


(1.2) sup+l [ Roji{x)dfioi2{^i)\ <( 

oj2e02 Joi > V ^ 


sup \\H 012 

' UJ2G0,2 


sup+ Roll {x) 

uj\ 


When AI is hyperfinite, this definition of Lp{A4; Lao{^)) coincides with the 
corresponding vector-valued space as defined by Pisier [52] ■ This approach to handle 
maximal inequalities in von Neumann algebras has been successfully used in m 
to find noncommutative forms of Doob’s maximal inequality for martingales and 
the maximal ergodic inequalities for Markov semigroups [24j . The predual can be 
explicitly described as the Li-valued space ii(fl)). Indeed, let Sp{fl) be the 

Schatten class associated to the Hilbert space L 2 (H). Note that there is a hermitian 
form q : L 2 p{M) 0 S^ifl) x L 2 p{M) 0 —>■ Lp(M) 0 Ti(H) given by 

q{x 0 ra,y 0 n) = x*y 0 diag(TO*n), 
where diag : S'i(H) —>■ Li(H) is the restriction to the diagonal. Define 

\\x\\Lp{M-,Li{0)) = inf |||a||L2p(Ai;S|(n)) ll^llL2p(Ai;S|(a)) : 9(a, = a;|. 

This space satisfies that Lp{M; Li{n))* = Lpi{Mop', Lod^)) for 1 < p < 00 . 


1.1.5. Hilbert-valued Lp spaces. For certain operator spaces whose underlying 
Banach space is a Hilbert space we can define vector-valued noncommutative Lp 
spaces for general von Neumann algebras. Indeed, let R he a. Hilbert space and 
and PeC = (e,C)e foi' some e G R oi unit norm. We define the following two 
Hilbert-valued forms of Lp{Ai) 

Lp{M;R^) = Lp{M0B{R)){ldM0Pe), 

Lp{M-,R^) = {ldM0Pe)Lp{M0B{R)), 

called the Lp spaces with 'H-column (resp. R-tow) values. Their o.s.s. are the ones 
inherited from Lp{M.0B{R)). li R = tii^n we can identify Lp{B{R)0 M) 
with Lp(Al)-valued n x n matrices. Under that identification Lp{A4;R‘^) (resp. 
Lp{M;R^)) corresponds to the matrices with zero entries outside the first column 
(resp. row) and we have that 


® 

1=1 

n 

^ 0 eij 

1=1 




LRMtXiBiq)) 


1=1 
n 


1=1 


LRM) 


Lp(M) 


The same formulas hold after replacing the finite sums by infinite ones of even by 
integrals. For every 1 < p < 00 we can embed R isometrically in Sp by sending 
Cp{ej) = eij or rp{ej) = eji, where {ej} is an orthonormal basis of R. Such 
maps are called the p-column/p-row embedings. These isometries endow R with 
several o.s. structures. Observe that, as an o.s, Lp{M;R‘^) (resp. Lp{M;R^)) 
coincides with Pisier’s vector-valued Lp-space Lp{M]R‘^^) (resp. Lp{M;R^^)) for 
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M hyperfinite. For 1 < p < oo the duals are given by = Lpi (Alop; 

and Lp{M.-,'H‘^)* = Lpi {Mop ,The duality pairing can be express as 

( ® Vk ® efe) = Tix*y,). 

The spaces Lp[M','H'~) and Lp{M', 'H^^) form complex interpolation scales for p > 1 

[Loo{M-,%n.Lp{M-,%n]e = L.iM-,Hn, 

[LooiM-,n^),LpiM-,n^)]g = Lv{M-,W). 


In order to treat square functions and Hardy spaces we will need to control sums 
and intersections of these Hilbert valued noncommutative Lp spaces. The algebraic 
tensor product Lp{M) 0 % embeds in Lp{M by Id 0 r and Id 0 c. Taking 

direct sums we obtain an embedding in X = Lp(M®B{T-L))®Lp{M®B{T-L)). The 
space Lp{M.\W^'^) is defined as the norm closure (or weak-* closure if p = oo) of 
Lp{Xi) 0 % inside X. Such space comes equipped with the norm given by 

lkllLp(7W;H-nc) = max | ||x|| |. 

The embedding also gives Lp{M.]W^'^) an o.s.s. We will denote the dual spaces 
by Lp{M-,'H''^‘^) = Lp!{Mop','H'''^‘^)* for 1 < p < oo. The space Li(AI;is 
defined as the subset of weak-* continuous functionals in Loo{M.op\T~B'^'^)*■ The 
sum notation comes from the fact that 

lkllLp(Ai;W'-+=) = inf \\\y\\Lp{M-,m) + \\A\Lj,{M-,m) '-x = y + z^. 

We will denote by Lp[M\'H'~‘^) the spaces given by 


Lp{M-, when 1 < p < 2 

Lp{M.;'H^^‘^) when 2 < p < oo. 


The spaces Lp{M; are crucial for the noncommutative Khintchine inequalities 
|281I29| . the noncommutative Burkholder-Gundy inequalities [23) . noncommutative 
Littlewood-Paley estimates m and other related results. 


1.1.6. Markovian semigroups and length functions. A semigroup 5 = {St)t>Q 
over a Banach space A is a family of operators St '■ X ^ X such that Sp = Id and 
StS, = St+s- Let (M, r) be a noncommutative measure space, we will say that a 
semigroup S over Ai is submarkovian iff: 

i) Each St is a weak-* continuous and c.c.p. map. 

ii) Each St is a self-adjoint, ie: T{StX*y) = T{x*Sty). 

iii) The map 1St is pointwise weak-* continuous. 

S is Markovian if each St is a u.c.p. map, ie St{l) = 1 . Markovian operators 
satisfy t o St = t while submarkovian ones satisfy t o St < t. Sometimes these 
semigroups are called symmetric and Markovian, where symmetric is synonym with 
self-adjoint. All the semigroups in this paper will be symmetric, so we will drop the 
adjective. Using the first two properties it is easy to see that St extends to a c.c.p. 
map on Li{A4). By the Riesz-Thorin theorem St is a complete contraction over 
Lp{Ai) for 1 < p < oo. The third property implies that t ^ St is SOT continuous 
in Li(AI). By interpolation between the pointwise norm continuity on Li(Ai) and 
the pointwise weak-* continuity on A4 we obtain that t St is SOT continuous 
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on Lp[Ai) for 1 < p < oo. For every 1 < p < oo there is a densely defined and 
closable operator A whose closed domain is given by 


domp(A) = |a; G Lp{M) 


3 lim 
t^o+ 


X — Stx . 

- 11 

t 


the norm topology 


When p = 2 we have that St = and St[Lp{M)] C domp(Al) for 1 < p < oo. In 
the case p = oo we have that A is densely defined and closable with respect to the 
weak-* topology with domain given by those x £ M such that limt_>,o+(a; — Stx)/t 
exists in the weak-* topology. We will call A the infinitesimal generator of S. 

We are interested in those (sub)markovian semigroups over M. = CG which are 
of convolute type. In other words, each St is a Fourier multiplier. It can be proved 
that St = Tg-t^ for some function tjj. Let us recall a characterization of these 
functions. First, recall some definitions. A continuous function i/j : G —>■ C is said 
to be conditionally negative (c.n. in short) iff '0(e) = 0 and for every finite subset 
{gi, C G and vector (ui, ■.,Vm) G C” we have 


= 0 ^ Viipig^ ^gj)vj < 0 . 

i—1 — ^ 


When tjj : G ^ R+ is symmetric (0((?) = 0(5”^)) and c.n. we will say that 0 is a 
conditionally negative length. Let 'H be a real Hilbert space. Given an orthogonal 
representation a : G —>■ O('H) we say that a continuous map 6 : G —^ "H is a 
l-coeycle (with respect to a) iff it satisfies the 1 -cocycle law 


b[gh) = a{g)b{h) + b{g). 


The following characterization is proved in [D Appendix C] or H Chapter 1]. 


Theorem 1.1. Let S = {St)t>i be a semigroup of convolution type over the group 
algebra CG. Then, the following statements are equivalent: 


i) S is a Markovian semigroup. 

ii) There is a c.n. length if : G ^ 1R+ such that St = T^-t^. 

hi) There is a real Hilbert space %, an orthogonal representation a : G —>■ 0{'H) 
and a 1-cocycle b : G ^ 1R+, such that if{g) = || 6 (< 7 )||^ and St = T^-t 4 , 


1.1.7. Holomorphic calculus and noncommutative Hardy spaces. We now 

introduce the Hardy spaces associated with a submarkovian semigroup on (A4 , r) 
as well as the corresponding 'H°“-functional calculus. Both tools were introduced 
in the noncommutative setting in m- If 5 is a submarkovian semigroup, the 
fixed point subspace Fp = {x £ Lp{M) : St{x) = a; Vf > 0} coincides with 
kerA C domp(A) and it is a subalgebra when p = oo. It is also easily seen to 
be a complemented subspace with projection given by Qp{x) = limt_^oo StX where 
the limit converges in the norm topology of Lp, for p < oo and in the weak-* 
topology when p = oo. We will denote by L°{M) = Lp{M)/Fp which is also 
a complemented subspace with projection given by Pp = Id — Qp. Note that 
Lp{M.) ~ L°{M) 0 p Fp. When St are Fourier multipliers over M = CG with 
symbol we define Gq = {g £ G : ip{g) = 0}. In that case 

Fp = ^^x £ Lp{M) : X = \{f) with supp(/) C Goj 
and in a similar way we find that A(/) = L°{Ai) if and only A f\ag =0- 
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For any given x € A4 we define the function Tx : (0,oo) —>■ Lp{Ai) given by 
t I—?► tdtStx. We can see x i—?► Tx as a map from certain domain D C Ai into 
Lp{Ai;'H^), Lp{M;'H‘^) or Lp(Af;where V. = L 2 {^+,dt/t). The induced 
seminorms on D C Ai are called the row Hardy space, column Hardy space or 
Hardy space seminorms. Observe that the map T has as kernel those elements 
fixed by S. Quotient out the nulspace and taking the completion with respect to 
any of those norms when p < oo (resp. the weak-* topology for p = oo) gives the 
Hardy spaces H^{Ai]S), Hp{Ai',S) or Hp{Ai;S). We can represent such norms as 
follows 







i4M(4A^)Ty 


We will drop the dependency on the semigroup and write Hp(A4) whenever it can 
be understood from the context. These spaces inherit their o.s.s. from that of 
Lp(A4;?{’') or Lp{Ai','H^). Therefore we have the following identities 


S1;[h;{M]S)] = H^p{Ai®B{^'^)■S®ld), 

The duality is obtained from that of Lp{Ai\'H‘^) or Lp[Ai]'H'~), resulting in the 
cb-isometries Hp{Ai]S)* = Hp,{Aiop]S) for 1 < p < oo. The same holds for the 
column case. Finally let us recall that by m Chapters 7 and 10] we have that if 
1 < p < oo then 


(1.3) 


Hp{M;S)c,Ll{M), 


with the equivalence as operator spaces depending on the constant p. The result 
fails for p = l,oo and Hi{Ai;S) is smaller in general than Ll(Ai). Observe that 
tdtStx = r/{tA)x where ri(z) = ze~^. Due to the results in [17] we can change r\ by 
other analytic functions in certain class obtaining equivalent norms. We will say 
that a holomorphic function p defined over the sector Eg = {z G C : | arg(z)| < 9} 
is in iff it is bounded and we will say that it is in C 'H°°{Tg) iff 

there is an s > 0 such that 


IpWI 


< 


(i + NI)^ 


We will denote by H°° or the spaces r\o<e<-w/ 2 '^°°i^s) H 


O-ZOO 

0<6><7r/2 ^0 


(s.) 


respectively. If needed, we will equip these spaces with their natural inverse limit 
topologies. We have that for any p G the following holds 


(1.4) 


\4\\H^iM) ~(p) 

\4\\h^(M) ^{p) 



{p{tA)xy p{tA)x^^ " 
p{tA)x {p{tA)x)*Y) " 


LpiM)’ 

Lp{M)' 


The equivalence also holds after matrix amplifications. This type of identities 
also hold for wider classes of unbounded operators A satisfying certain resolvent 
estimates, see m for further details. 
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1.2. The general principle. We are now ready to prove our maximal bounds in 
Theorem A. In fact, we shall obtain a more general principle in Theorem 1 1.31 which 
decouples in terms of row and column Hardy spaces. 


Definition 1.2. Let {Bt)t^o be a family of operators affiliated to CG. We say 
that {Bt)t>o has an Lp-square-max decomposition when there is a decomposition 
Bt = T^tMt such that: 


(SMp) 


sup||St ||2 


i>0 

SUp'^O’lMtl^ -ku 
t>0 


p 


< 


-(p) 


oo, 

Ikllp- 


Similarly, {Bt)t>o has an Lp-max-square decomposition when Bt = Mt^a with: 


(MSp) 


sup I 

t>0 


St ||2 < 


Sup'''cr|M(* 

t>0 


‘ * u 


< 


(p) 


oo, 

Ikllp- 


When we say that {Bt)t>o has a max-square (resp. square-max) decomposition 
we mean that it has an Lp-max-square (resp. Lp-square-max) decomposition for 
every 1 < p < oo. 


Theorem 1.3. Let G be a LCH group equipped with a conditionally negative length 
Ip : G ^ K+. Let S = {St)t>o be the convolution semigroup generated by ip and pick 
any rj G . If m : G ^ C is a bounded function satisfying that Bt = \{mri{tip)) 
has an L(^p/ 2 y -square-max decomposition Bt = ^tMt for some 2 < p < oo, then 
Tm : Hf,{CG) -k Hf,{CG) and 


\Tm\\B(H^) ^(p) fsup||Et||2^ {Rt)t>o '■ L(^p/2)'{CG) —>■ L(p/ 2)'(£G';Lc 


where Rt{x) = cr|Mtp*x. Similarly, when {Bt)t>o admits an L(^p/ 2 )'-max-square 
decomposition Bt = MtTit for some 2 < p < 00 , we get Tm '■ Hf{LG) —>■ Hf{CG) 
and the following estimate holds 

1 

iRt)t>o ■ L(^p/2)'{CG) —>■ L(p/ 2)'(LG;Loo) 


^(p) (sup ||Et|| 2 ') 


where Rt{x) 


a\Mf\^ -kx. By duality, similar identities also hold for 1 < p < 2. 


Corollary 1.4. If G, ip, rj and m are as above and Bt = X^mrjitip)) admits both a 
L(^p/ 2 )'-max-square and a L(^p/ 2 y -square-max decomposition, then it turns out that 
Tm : Lp{CG) —>■ Lp{CG) boundedly. Furthermore, if m = c in Gq = {g € G : tp{g)} 
then Tm is a bounded map on Lp[LG). 


Proof. The first assertion follows trivially from (11.31) . For the second we use that 
Lp[CG) is a complemented subspace, and so 

||Tma;||p < liPpTmxllp-I-||QpTma:||p 

= \\TmPpX\\L°(CG) -t- \\Tm\^^QpX\\p fo^p) (||Tm|ls(Lo(CG)) + II^^Hp- D 

Proof of Theorem 11.31 Assume that Bt = X{mri{tip)) has an L(p/ 2 )'-square-max 
decomposition. According to (11.411 with p{z) = r]{z)g{z) for some g G , and 
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using that Tm commutes with the spectral calculus of A (the generator of 5) we 
obtain 


117"™ (x) I life 

= II ('^™t(^<))t>olLp(£G;L“)’ 

where rnt{g) = m{g)r]{ttp{g)) and Xt = Tg^i^'^x. Recall also that the L 2 -space 
involved is L 2 (M+,(it/t). Now we may express the term on the right hand side as 
follows 


(1.5) II 



dt 

T’ 


where u € L(p/ 2 )'(^G')+ is th® unique element realizing the Lp/ 2 "iiorm, which exists 
by the weak-* compactness of the unit ball of L(^p/ 2 )'{CG). Now we have to estimate 
the term inside the integral. As u > 0, we may write u = w*w for some w € L 2 {p/ 2 y 
and 

{u, |r„t(xt)p) = T{w\Tmtixt)\'^w*) = T(^w\{T'S)ld){SBt{(7Xt ® l))|^u;*y 

Lt 


As Lt wLtW* is order preserving, any bound of Lt gives a bound of the above 
term. By the complete positivity of the canonical trace we can apply Proposition 
1.1 in [^, i.e. 

{x,y)* {x,y) < \\{x,x)\\{y,y) 

to the operator-valued inner product (x, y) = (r 0 Id)(x*y). This yields 

Lt = |(r 0 Id)(5Eti5Mt(tTXt 0 1)) 1^ 

< ||(r 0 Id)((5|Stp)||^g (r 0 Id)^(erxj 0 l)(5Mt*(5Mt((TXt 0 1)^ 

< (sup IlStll^) (t 0 ld){5\Mt\^{a{x*tXt) 0 1)) = (sup (|Mtp ax^Xj). 

We have used the J-invariance of the trace in the second inequality and the definition 
of the noncommutative convolution in the last identity. Now, substituting inside 
the trace and using the identity for the adjoint of the noncommutative convolution 
operator gives 

(it, |Tmt(xt)P) < K'^T[u{\Mt\'^ -kx*tXt)) = K'^T{{a\Mt\'^ -k u)xtXt), 


where K is the supremum of the L 2 norm of E*. This gives rise to 

dt 


Tm{x)\\jj. <(p) [ T(((T|Mtp*u)XtXt) 

XRo- f 

(a [ XtXt^) 
^ Jr^ t / 


inf T 

<7\M^\'^'kU<A 


inf ||A||l 


(T\Mt\‘^'kU<A 


+ 

(p/2) 


Xi Xt- 


dt 


p/2 


(P) 




{Rt)t>0 ■ L(p/2Y —t A(p/2)'(Too) ||x|||/c 
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by using Fatou’s lemma in the second line and the definition of the Lp{CG; Loo) 
norm for positive elements in the last inequality. Taking square roots gives the 
desired estimate. The calculations for the row case are entirely analogous. □ 

Remark 1.5. Throughout this paper we construct max-square and square-max 
decompositions of Bt = X{m rjitj/j)) by choosing an smoothing positive factor Mt 
with Mt = uMt = Mt and satisfying the appropriate maximal inequalities. Then 
we extract Mt from the left and from the right of Bt as 

Bt = {BtMt-^)Mt, 

Bt = Mt{Mt^Bt). 

If the family = BtM^^ is uniformly bounded in L 2 and Bt is self-adjoint then 
the other is automatically uniformly in L 2 by the traciality of r. Most of the times 
it will be enough to check one of the two decompositions. 


Proof of Theorem A. It easily follows from Corollary II.41 and Remark 1 1. 5 1 □ 


Remark 1.6. The technique employed here gives complete bounds assuming that 
the maximal inequalities are satisfied with complete bounds. In order to prove 
that assertion, let us express the matrix extension {Tm ® IdM„) as a matrix-valued 
multiplier whose symbol takes diagonal values. Indeed 

{Tm 0 = (Id 0 T 0 IdM„)( (<5A(m) 0 Im^) (l 

K 


where K is the corresponding kernel affiliated with CG 0 CG 0 C1m„ ■ Clearly, 
any square-max decomposition Bt = StM* of Bt = X{mri{t'ip)) yields a diagonal 
decomposition (JUi 0 lM„){SMt 0 1m„) of Kt = SBt 0 1m„. On the other hand 
recall that : Hp —>• Hp is c.b. iff Tm 0 IdM„ : Sp[Hp] —>■ Sp[H^ is uniformly 
bounded for n > 1 and that Sp[Hp{CG] 5)] = Hp{Mn 0 TG; Id 0 S). That allows 
us to write the norm of Sp[Hp{CG-,S)] as an Tp/ 2 -norm like in (II.5|) . Then, using 
[IZl Proposition l.l] for {x,y) = (Id 0 t 0 IdM„)(a;*y) as in the proof of Theorem 
o gives for 2 < p < oo 

1 
2 

cb 


"TmWcBiH^) ^(p) ( SUp||Et|| 2 ] {Rt)t>0 ■ L(^p/ 2 )'{^G) —>■ L(p/ 2)'(-^G; Loo) 


The row case is similar. The discussion of Corollary [T31 generalizes to c.b. norms. 


2. Spectral multipliers 

2.1. Ultracontractivity. Let (A1,t) be a noncommutative measure space and 
consider a Markov semigroup S = {St)t>o defined on it. Given a positive function 
4) : R+ —>■ R+ and 1 < p < g < oo, we say that S satisfies the ultracontractivity 
property when 

(RD \\St : Lp{M) ^ Lg{M)\\ < ^ Vt > 0. 

Similarly, S has the CBR|;'^ property when the above estimate holds for the c.b. 
norm of St : Lp{A4) —>■ Lq(M). These inequalities have been extensively studied for 
commutative measure spaces [431 Chapter 1]. In the theory of Lie groups with an 
invariant Riemannian metric (equipped with the heat semigroup generated by the 
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invariant Laplacian) ultracontractivity holds for the function = fi{Bt{e)) which 
assigns the volume of a ball for a given radius. Influenced by that, we will interpret 
the above-defined properties as a way of describing the “growth of the balls” in 
the noncommutative geometry determined by 5 = (S't)t>o- For that reason, we 
will work with doubling functions <I>. Doubling functions are increasing functions 
d* : R_|_ —>■ R+ with <I>(0) = 0 and satisfying 


sup 

t>o 


m j 


< oo. 


The doubling condition for $ is a natural requirement since metric measure spaces 
(D,/r,d) with ^xif) = fi{Bx{t)) uniformly doubling in x constitute an adequate 
setting for performing harmonic analysis in commutative measure spaces. Given a 
Markov semigroup S = {St)t>o over a noncommutative measure space (AI,r), let 
us recall the following: 


i) If S satisfies it satisfies ior I < po < p < q < qo < oo. 

ii) If $ is doubling and S satisfies R|,“’'^” for some 1 < po < qo < oo, then it 
satisfies R^’'^ for 1 < p < 9 < oo 

The same holds for the CBR^“’® ultracontractivity property. The proof follows 
the same lines than [431 Theorem II. 1.3]. In the noncommutative setting a similar 
result is stated in [HI Lemma 1.1.2 ] for $(t) = . As a consequence, all the 

ultracontractivity properties R^’"^ are equivalent for doubling 4). We shall denote 
them simply by R$ and similarly CBR$. As a corollary, we obtain that if M. is 
an abelian von Neumann algebra CBR^;'^ and R^’'^ are equivalent for doubling <I> 
since R|,’'^ is equivalent to R|,’°° and any bounded map into an abelian C*-algebra 
is completely bounded. For any doubling function we may define its doubling 
dimension £)$ as 

It is quite simple to show that any doubling $ : ]R_|_ —>■ R+ admits upper/lower 
polynomial bounds for large/small values of t > 0. More precisely, we have the 
bounds 

IN ^{t) ^(D^) when t>l, 

d>(t) $( 1 ) when t < 1 . 


Of course, the converse of this assertion is false. Whenever a Markovian semigroup 
S satisfies R$ (resp. CBR,^) for doubling $ we will call the Sobolev dimension 
(resp. c.b. Sobolev dimension) of with respect to S. The reason for this 

name is based on the well-known relation between ultracontractivity estimates for a 
Markov semigroup and Sobolev embedding estimates for its infinitesimal generator. 
One of the first contributions to that relation is in the work of Varopoulos, who 
proved in [55] that when $(<) = the property R$ is equivalent to a whole range of 
Sobolev type estimates for the infinitesimal generator of the semigroup. See also [23] 
for more on that topic. Whenever $(t) = we will denote the ultracontractivity 
properties by R /:) or CBR^i. By adding a zero, like R4>(0), we will mean that the 
inequality R^’'^ is satisfied for t < 1. This notation is borrowed from [331 II.5]. 


Recall that if S satisfies R$ (resp. CBR$) for some doubling function $ then, by 
the polynomial bounds in (12.1|) . we have R_d 4 .( 0 ) (resp. CBR£)^(0)). 





18 


GONZALEZ-PEREZ, JUNGE, PARGET 


Our characterization of co-polynomial growth in Section [3] bellow requires the 
following equivalence for Sobolev-type inequalities in term of the ultracontractivity 
properties R£i(0). We did not find the proposition below in the literature, but it 
could be well-known to experts. We include a sketch of the proof. 

Proposition 2.1. LetS be a submarkovian semigroup acting on a noncommutative 
measure space (Af,r). Let A denote its infinitesimal generator. Then, the following 
properties are equivalent: 

i) For every e > 0, 5 satisfies the Rd+£(0) property. 

ii) For every e > Q, we have that 

\\{1 + A)-^/^--:L2{M)^M\\ <(,) 1 . 

Similarly, S € CBR£i+e(0) for all e > 0 iff {1 + A)~‘‘ : L2{A4) M for all e > 0. 


Proof. The implication i) =;> ii) follows from the identity 


The integral in [0,1] may be estimated applying the R_d( 0) property, whereas the 
integral for t > 1 is easily estimated using the semigroup law. This gives the 
desired implication. For the converse, we now take s = D/A e and use that 

II/(^)IIi 3(L2) ^ ll/lloo 

ll^t : L2{M) A1|| = ||(1 -I- A) 2(1-1- 


^ 11(1 


A)-5 


B(L2{M),M) 


(1 + A)t5t 


B(L2) 


< 


(e,s) 



□ 


Remark 2.2. Observe that if R_d( 0) is satisfied then ii) also holds. Nevertheless 
the converse is not true since the norm \\St : Li{M) —t Al|| could be comparable 
to, say, t^{l + log(t)) for 0 < t < 1. The original result proved by Varopoulos [42] 
established a equivalence between Rd( 0) and the bounds 

[1 + A)-^ : LpiM) ^ L^iM) 

for every 0 < s < n/p. When s > n/p the image space of Lp{Ai) is certainly 
much smaller than Loo{Ai), for example in R" with the usual Laplacian the image 
space lies inside spaces of Holder functions. Therefore, by describing the behavior 
of (1 -I- H)“® in Loo{Ai) we lose information and we can no longer recover R£i(0). 


We will denote by or simply ) when the semigroup St = e 

can be understood from the context, the closed domain in Lp(A4) of the unbounded 
operator (1 -|- with norm given by 

\\x\\^r. = \\{l+Ar/^fl. 

These are called the fractional Sobolev spaces associated with S. They satisfy the 
natural interpolation identities. Namely, if we set l/ps = (1 — d)/pi + 0/p2 we get 

Point ii) in ProDOsition l2.1l mav be rephrased as C A4 for every s > D/2. 
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2.1.1. L2 bounds for CB{L2{CG), CG) multipliers. We shall work extensively 
with Markovian convolution semigroups over CG with the CBR$ ultracontractivity 
property for doubling $. In general, determining the c.b. norm of a multiplier 
between general Lp spaces is a problem that nobody expects to be solvable with 
a closed formula. Despite that, we can obtain characterizations in some particular 
cases. One of these cases is that of the c.b. multipliers : L2{CG) —>■ CG. That 
will allow us to express the CBR^’°“ property oi S = as a condition over 

tp. The next theorem is probably known to experts. Since we could not find it in 
the literature, we include it here for the sake of completeness. 

Theorem 2.3. IfT denotes the map m 1 — ?► Tm '■ 

i) T : Lt^iG) CB{L2{CG), CG) is a complete isometry. 

ii) T : L'^{G) CB{L2{CG), CG) is a complete isometry. 

The image of T is the set of multipliers ■ l\{CG) CG for f € {c, r} resp. 


Proof. Let V and W be operator spaces and pick x^y G V* ^ W*. According to 
[33l Theorem 4.1] the map Ix 0 y{w) = x{y,w) extends linearly to an isomorphism 
T : {V®W)* -^CB(W,V*). Using the pairying (,) : L^i^CG) x ^ C given 

by {y, w) = t(]j aw) we obtain as a consequence that 

Isz{w) = (Id ® t){5z (1 0 crrc)) = z-kw, 


where Sz denotes the comultiplication map acting on z. This yields 


T™ : lI{CG)^CG 




where f € {r, c} is either the row or the column o.s.s. We now claim that the 
natural map 

t: LooiCG; lI°'‘(CG)) ^ (£G*g4(£G))* 
is a complete isometry with f°P = r for f = c and viceversa. This is all what is 
needed to complete the argument since we have the following commutative diagram 
of complete isometries 


4(G)- - -^CB(4°’’('CG),£G) . 



Loo(£G;4(£G)) 

Let us therefore justify our claim. According to [5] 

(£G*g4(^G'))* ~CG®jz 4'’'’(GG) 

where stands for the Fubini tensor product of dual operator spaces. Bear in 
mind that if V* and W* are dual operator spaces, there are weak-* continuous 
embeddings V* C B{'Hi) and W* C B{'H 2 ) and we can define the weak-* spatial 
tensor product V* 0 W* as 


V*®w* = (V*®W*)'^\ 
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Such construction is representation independent and V* 0 W* embeds completely 
isometricaly in V* W*. Since the column and row embeddings of L 2 {CG) into 
B{L 2 {CG)) are weak-* continuous, Lao{CG]L\ (CG)) = CG^L\ (CG). This 
proves that t is a complete isometry and so is the map m i—>■ Tm = ^LS\{m)- ^ 

Remark 2.4. Since L^iCG) and L^iCG) are isometric as Banach spaces, the 
norms for multipliers in CB{L 2 {CG), CG) and CB{L 2 {CG), CG) coincide too, even 
if their matrix amplifications do not. Indeed we obtain that 

\\Tm\\cB{LJ,iCG),CG) = I|w||l2(G) = \\Tm\\cB{L^{CG),CG)- 

For non-hyperfinite CG, the space of Fourier multipliers in CB{L 2 {CG), CG), may 
be difficult to describe as an operator space. Nevertheless, as a consequence of the 
above identities, its underlying Banach space is the Hilbert space L 2 (G). 

Remark 2.5. As a consequence of the above, if G is a group and S = (T^-ti,)t>o 
is a semigroup of Fourier multipliers satisfying CBR,j,’°“ for any function $, then G 
is amenable. To see it just notice that G T 2 (G) and so G Ti(G) for all 

t > 0. But a group is amenable iff there is a sequence of integrable positive type 
functions converging to 1 uniformly in compacts. 


2.2. Standard assumptions. Let £G^ denote the extended positive cone of CG. 
As it will become clear along the paper, we shall treat unbounded operators X in 
£G^ as noncommutative or quantized metrics over CG. Note that if G is LCH 
and abelian, any translation-invariant metric over its dual group can be associated 
with the positive function A : y; i—^ d{x,e). The metric conditions impose that 
A is symmetric, does not vanish outside e and A(xiX 2 ) < ^(xi) + ^(X 2 )- Here 
we will only require X to be symmetric, i.e.: to satisfy aX = X. Recall that the 
anti-automorphism cr extends to CG^. Following the intuition relating symmetric 
operators in £G^ to metrics, we will say that X G £G^ is doubling iff the function 
= r(x[o,r)(A)) is doubling. When the dependency on the operator X can 
be understood from the context we will just write 4>. In a similar fashion, we will 
say that X satisfies the Lp-Hardy-Littlewood maximal property when 


(HLp) 


sup ■''I 

r>0 ^ 


X[0,r)(A) 



< M 


py 


If we say that X has the HL property, omitting the dependency on p, we mean 
that the HL property is satisfied for every 1 < p < oo, with constants depending 
on p. When the property HLp holds uniformly for all matrix amplifications, we 


will say that X satisfies the completely bounded Hardy-Littlewood maximal property 
(CBHLp in short). Let ij: ■. G ^ K.+ be a conditionally negative length generating a 
semigroup S. We will say that S has L 2 Gaussian bounds with respect to X when 
there is some /? > 0 such that 


(L 2 GB) 


-{x[..oo)(X)|A(e-‘^)r} 


< 


<^x{Vty 


Definition 2.6. A triple {CG,S, X), where S is a Markov semigroup of Fourier 
multipliers generated by ip : G ^ R+ and X G (£G)^, is said to satisfy the standard 
assumptions when 


i) X is symmetric and doubling. 
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ii) S has L 2 GB with respect to X. 

iii) X satisfies the CBHL property. 

Since CG is determined by G and S by we shall often write {G,'il},X) instead. 

Remark 2.7. If S has L 2 GB then it admits GBR^’“ ultracontractivity. Namely 
if we take r = 0 in (L 2 GB), it follows from Theorem 12.31 and Remark l2.4l If X is in 
addition doubling, S has the whole range of ultracontractivity properties CBR$^. 


2.2.1. Stability under Cartesian products. It is interesting to note that the 
standard assumptions are stable under certain algebraic operations, the most trivial 
of them is probably the Gartesian product. Stability under crossed products also 
holds under natural conditions, see Remark 12.101 below. 


Lemma 2.8. Assume that 

'■ Lp{A4j) —>■ Lp{A4j; Lcoi^j)) 

is completely positive for j € {1,2}. Then 0 is also c.p. and 
5^ 0 5^ : Lp(Mi0M2) ^ Lp{Mi® M2-, L^iQi) 0mi„ ^ 00 (^ 12 )) 


cb 


^ n 


: Lp(^A4j) —>■ Lpi^Xij] 


cb 


Proof. It follows from 5^ 0 5^ = (5^ 0 Id) o and ()1.1L details are omitted. □ 

Theorem 2.9. Let (GjyifjyXj) be triples satisfying the standard assumptions for 
j = 1,2 and consider the Cartesian product G = Gi x G 2 . Then {G,(j),X) also 
satisfies the standard assumptions with the c.n.length 'fi{gi,g 2 ) = '0i('?i) + ' 02 ( 52 ) 
and X G LG'f determined by the formula X^ = X^ 0 1 + 10 . 


Proof. Proving that X is doubling and that the semigroup generated by ijj has 
Gaussian bounds amount to a trivial calculation. Indeed, <I>jc is controlled from the 
inequalities X[o,r/2){a)X[o,r/2){b) < X[o,r){a + b) < X[o,r){a) Xlo.r){b), which are valid 
for positive and commuting operators a, b. On the other hand, the L 2 GB follow 
similarly from the inequality X[r,oo)(Q + &) < X[r-/ 2 ,oo)(a) + X[r/ 2 ,oo)(^)- Let us now 
justify the GBHL property. Let m : Lp{CG; Loo 0min Loo) —t Lp{CG; Loo) be the 
map given by m{x f i^) g) = x fg, which is c.p. By Lemma 12.81 

TZ^ 0 TZ^ = 0 : Lp{£,G) —> Lp(^CG; Looids) 0niin Loo(dt)), 

where Ri(x) = X[o,s)i^j)*x is c.p. As a consequence mo(TZ^®TZ?) is also 

completely positive. Therefore, by the doubling property we obtain the following 
estimate 


/X[0,r)(Ai) N X[0,r)1^2l \ It:) 1 Tb 211 I 

b , , *x] Da ) } / X O—-*2^ =mo{TZ ®TZ ){x) 

for a; > 0. This is all what we need to reduce GBHL of X to that of Xi and A 2 . □ 


X[0.r)(Ail) X[0.r)(-A2) 


Remark 2.10. Let H and G be LHC unimodular groups and 9 : G ^ Aut(iJ) be 
a measure preserving action. Let (LT, 0i,Ai) and {G,'ijj 2 , X 2 ) be triples satisfying 
the standard assumptions. It is possible to prove that, under certain invariance 
conditions on Xi and '0i, the semidirect product K = H><igG satisfies the standard 
assumptions for some X G CKf and certain c.n. length function ifj : K ^ K.+ built 
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up from Xi,X 2 and V'lj V'a respectively. Since the techniques required to prove this 
result are quite involved and of independent interest, we postpone its proof to a 
forthcoming paper were we shall explore other applications involving Bochner-Riesz 
summability and related topics. 


2.3. Hdrmander-Mikhlin criteria. In this subsection we shall give a proof of 
Theorem B i) by means of a suitably chosen max-square decomposition. The key 
is to prove that, if Bt = X{mri{ttjj)), then 

( 2 . 2 ) Bt = + + 

St Mt 

is a square-max decomposition for 7 > D^I2. Breaking the symbol m into its real 
and imaginary parts and using Remark 1 1.51 we obtain a max-square decomposition 
by placing the smoothing factor (1 -|- X"^ on the left hand side of Bt- The 

proof of the maximal inequality consists in expressing the maximal operator as a 
linear combination of Hardy-Littlewood maximal operators associated to X and 
apply C21). For the square estimate we will use the smoothness condition. 


Lemma 2.11. Assume that Ft G C'o(M+) is a family of bounded variation functions 
parametrized by t > 0. Let dFt be its Lebesgue-Stjeltjies derivative and |dFt(A)| its 
absolute variation, then for every doubling operator X, we have: 


(sup'^ Ft{X)-kx) < ( 

/ Lp \ 


sup 

• t>0 


l$l 


Li{\dFt\) 


)ll( 


sup 

r>0 


. X[0,r) 

<l)(r) 


* X 


Proof. By integration by parts we have that 

Ft{s) = [ Ft{r)dSsir) = f Ft{r)dx{s,c,o){r) 

Jr+ Jr+ 

= - [ Xis,oo){r)dFt{r) = - ( 

By functional calculus, the same holds for Ft{X). Applying (11.21) ends the proof. □ 

According to Theorem A, the right choice for the square-max decomposition 
is given by Ft[s) = |Mtp(s) = d>(-\/f)“^(l -|- s^/t)~'^. It will suffice to pick here 
7 > D<^I2, the condition in Theorem B i) will be justified later on. In order to 
prove the finiteness of the maximal bound in Theorem A, we just need to verify the 
condition of Lemma 12.111 for this concrete function. 


Lemma 2.12. For any doubling we find 





HVi). 


Proof. Changing variables s 1 —>■ ^/tv, we obtain 
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oo ^4^+^ oo 

(/ +E/, ) = A + Y,Bk. 

k=0''^ k=0 


The monotonicity of $ gives A < while its doublingness yields 


4^+1 


Bk < J 

~(_D4,) $(v^) 


O ^+2 + e 




Since the sequence of BkS is summable, we have proved the desired estimate. □ 

For the estimate of the square part, let us start by extending the Gaussian 
bounds to the complex half-plane H = {2 € C : Re(z) > 0}. We need the following 
version of the Phragmen-Lindeloff theorem, see [7] for the proof. 


Theorem 2.13. If F is analytic over MI and satisfies 
\F{\z\F0)\ < (|4cosd)-^ 

\Fi\z\)\ < |4-''exp(-a|4-^), 

for some a, /3 > 0 and 0 < p < 1, then we find the following estimate 
\F{\zW^)\ {\z\ cosey^ exp (^- ^\z\-P cosey 


We may now generalize the Gaussian L 2 "bounds to the complex half-plane. 


Proposition 2.14. Let G be a unimodular group, tp : G ^ R+ a c.n. length 
and X G CG^ a doubling operator satisfying L 2 GB. If we set h^ = A(e“^’^), the 
following bound holds for every z £ H 


-{x[r,o.){X)\hy} 


< 


<i>(vaie{4) 


_0 r2 Re{.^} 

2 JTf [z] 


Proof. Let x be an element of L 2 [CG) with ||a ;||2 < 1. Assume in addition that 
X = px for p = X[r,oo) (X). Then we define Gx as the following holomorphic function 

Gx{z) = e~^^{\/i)T{h;,x)'^. 


Then, the estimate below holds in H 

|G 2 ,(z)| = e ^^(Vi)\T{hzx)f <e 

I Z I cos d 


Re{ z } 


^{Vi)T{\hy) 


= e 


$ ( ) 11/lj4e{z} 11 (£G) 


< 


Re{ z} 




Note that the second identity above follows from Plancherel theorem and the last 
inequality from L 2 GB for r = 0. On the other hand, since $ is doubling it satisfies 
<I)(s(l -I- r)) < 4>(s)(l -I- for every r > 0 and 

Da 


\Gx{z)\ 


< 


Re{ z } 




< 


Re{ z } 


1 -h 


Vi \ 




< 


t 


( \z\ cosd) 


4>(\/R^) 

by using that e~‘‘ (1 -|- l/s)“ < (l/s)“ in the last inequality. We also have 

IGa^dzDI = e“^4>(Vt)|T(/ip|x)|^ 
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y/i \D‘S> 


< 


e ^ 


$(v^) 


5, e' 


-iil 




< 


®(/W) 

(ra) 


4 . V 


The Phargmen-Lindelof theorem allows us to combine both estimates, giving 


^ /3r^ cos 6 


\Gx{\z\e’‘^)\ < t s* (|z|cos 6 <)’ ^ e ^ T^. 

Taking the supremum over all x with ||a :||2 < 1 and x = px we get 
sup|Ga:(- 2 )| = e ^$(v^)r(p|/i^p), 

X 

Our previous estimate then yields 

Ro{ 2 } _ „ -D* / 3 r^ cos a 

e ‘ ^{\/t)T{p\hz\ ) ^ t ^ (|z|cos 0 ) ^ e ^ i*i , 

Choosing the parameter t > 0 to be t = Re{z} gives the desired estimate. 


Lemma 2.15. If X € CGf is doubling and tp : G ■ 


has L 2 GB, then 


{(l + x) A.i (l + lgl)" forall K>0. 


HVty- 

Proof. Writing z = t{l — iff) in Proposition 12 . 141 gives 

1 


^X[r,oo)(^)|^z| X[r,oo)(^)^ 


< 


HVi) 


e ^ ‘ (i+i£i^). 


□ 


Using the spectral measure dEx of X and since since (1 + s^Y ^(k) 1 + 

+ —^(k) ''■{l^t(i-*5)l^} +kjs^2k| 


To estimate the term A we use integration by parts 

A = / (^) T{lht(i_,^)ydEx(s)} 

= [ (y) (-5s)T{|ht(i_i^)|^X[s,oo)(^)} 

= ^ ^(t) ^{l^di-*«)l"xb.oo)(A)}ds. 

In the second line, by —i9sT{|/it(i_ij)pX[s^oo)(A)}, we mean the Lebesgue-Stjeltjes 
measure associated with the increasing function g{s) = —'r{|/it(i-i 5 )Px[s,oo)(^)} 
and the third line is just an application of the integration by parts formula for 
Lebesgue-Stjeltjes integrals. A calculation gives the desired result 


A < 


2ks^ 


^(k) 


(1 + i^rr 


/ 

*/R-i 


1 1 

e ^ * a+i?F) ds 


$(v^) 


ds 


(i + lflY- 

$(v^) ■ 


□ 
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Proposition 2.16. Let Bt = X{m{'tjj)T]i{t'tp)) where ? 7 i(z) = r]{z)e~^ for some 
rj G Assume also that X is a doubling operator satisfying L 2 GB, then the 

following estimate holds for every (5 > 0 and k > 0 




$(v^)i 


\m{t ^•)»?(-)| 


IV 


Proof. By Fourier inversion formula 

m{s)r]i{ts) = m(s)7?(ts) e~*^ = ^ 

mtits) 


Thus, by composing with ip and applying the left regular representation 

Bt = [ fht{C)ht(i-i^)df. 

Jr 

Triangular inequality for the L 2 -n-Orm with weight (1 + X^/t) and Lemma l2 .1 51 give 




W 57^ L = A- 

d>(Vt)2 Jr 


Hoder’s inequality in conjunction with the definition of Sobolev space then yield 


< (/(! + 


-( 1 + 5 ) 




'w^ 


The the integral above is dominated by (1 + (5 ^)2 and the assertion follows. □ 

Proof of Theorem B i). Let Bt = X{m{ip)rii{tip)) with 771 ( 5 ) = e~^r]{s) and 
Bt = 'StMt be the decomposition (12.21) with 7 > . Since we are assuming X 

to be symmetric, we have that o-|Mtp = |Mtp and, by Lemma [2.111 and Lemma 
12.121 satisfies the maximal inequality of (SMp). By Proposition 12.161 we have 
that 


sup I 
t>o 


+ I|l 2 (£G) 


< 


(7) 


sup 

t>0 


\m{t ■)'ri{-) 




Therefore Bt = XltMt is a square-max decomposition. By similar means we obtain a 
max-square decomposition Bt = MtBt- Since our maximal bounds trivially extend 
to matrix amplifications, we may apply Theorem 11.31 in conjunction with Remark 
[m to deduce complete bounds of our multiplier Tmotji in both row and column 
Hardy spaces. Finally, arguing as in Corollary 11.41 and noticing that moip = m(0) 
on the subgroup Go = {g € G : ip{g) = 0}, we deduce the assertion. □ 


Remark 2.17. It is interesting to observe that the proof given here can be adapted 
to the classical case. Indeed, let St = be a Markovian semigroup acting on 
LaciX, fi). Assume further that the metric measure space {X,dr,fi), where dr is 
the gradient metric |351 Definition 3.1], is doubling, i.e.: 

f p{B^{2r))\ 

ess sup sup < — . ,, > < 00 

X&x r>0 L fJ-{Bx[r)) j 
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and that its integral kernel kt(x, y) has Gaussian bounds with respect to the gradient 
distance, i.e.: 

In that case we can apply the well known covering arguments for doubling spaces 
to prove that the Hardy-Littlewood maximal operator is of weak type (1,1) and by 
interpolation the HL inequalities hold. Since {X, dr, y) is a doubling metric measure 
space with bounded Hardy-Littlewood maximal inequalities and Gaussian Bounds 
we can apply the results above to reprove the classical spectral Hormander-Mikhlin 
theorem as stated in [5] . We shall consider this a new proof of the classical spectral 
Hormander-Mikhlin. Interestingly, some of the steps of the proof are parallel to 
that of [8] even when the main idea of our approach is to use maximal inequalities 
instead of Galderon-Zygmund estimates for the kernels. 

2.4. The g-Plancherel condition. In this subsection we shall refine our results 
by proving Theorem B ii). Our first task is to introduce the noncommutative form 
of the Plancherel condition assumed in the statement. 

Definition 2.18. Let {M,t) be a noncommutative measure space and let S be a 
submarkovian semigroup generated by A. We say that S satisfies the completely 
bounded q-Plancherel eondition, denoted by GBPlan^, where $ is some increasing 
function and q G (2,oo], whenever 

\\F{A)\\cBiL2{CG),CG) ^ ■)IIl,(IR+)i 

for every t > 0 and for every function F : R_|_ —>■ K_|_ with supp(P") C [O, . 

Remark 2.19. In the context of this paper A4 = CG for some LGH unimodular 
group G endowed with its canonical trace and S = (Te-*’/’)t>o is a semigroup of 
convolution type. In that case F{A) = and by Theorem 12.31 and Remark 12.41 

we have that 

\\TF{tp)\\cB{L2{CG),CG) = \\TF{tp)\\cB{L^{CG),CG) 

= \\TF{i,)\\cB{L^{CG),CG) = II^(V’)I|l2(G)- 

Thus, the GBPlan^ condition can be restated as a bound on the CB{lI{CG), CG) 
norm, where f is either the column or the row o.s.s. of L 2 {CG), or as a bound in 
the L 2 (G)-norm of the symbol F{ifj). Furthermore, since tjj determines S we will 
sometimes say that ip has the GBPlan^. 

For every F with supp(F) C we have that F{t~^ ■) is supported in 

[0,1]. Using that ^,([0,1]) C Lp([0,1]), with contractive inclusion, we see that 
GBPlanp GBPlan^ for p < q. 

Proposition 2.20. Let {G,ip) be a pair formed by a LCH unimodular group and 
a c.n. length. Let ^ be a doubling function. If ip satisfies the utracontractivity 
estimates GBR^’°“ then it satisfies GBPlan^. 


— S'ljj 


Proof. We pick s > 0, to be chosen later, and notice that 

F{iPig)) = = Gs{iP{g))e 
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where Gs is a bounded function with HGsHoo < ll^^ll ooC®/*. Therefore 
\\Tf{^)\\cB(L.^(CG)XG) = \\Tg^{^)Ss\\cB{L^{CG),CG) 

< \\TGsG) \\cB{L2{CG))\\Ss\\cB{L2{CG)XG) 

Making s = t and noticing that ||i^||oo = ||-F(t“^-)||oo gives the desired result. □ 

The terminology of the g-Plancherel condition comes from the so-called spectral 
Plancherel measures which arise in the study of spectral properties of infinitesimal 
generators of Markovian semigroups over some measure spaces [Sli- In the case 
of a semigroup of Fourier multipliers generated by a c.n. length we can define the 
Plancherel measure as the only cr-finite measure over ]R_|_ satisfying that for 
every F £ Gc(M+) 

( 2 - 3 ) \\Tf{,p)\\cb{L2{cg)xg) = ( [ \F{s)\‘^ diJ,^{s)\ . 

It is trivial to see that = drn{{g £ G : ilj{g) < r}), where dr represents the 

Lebesgue-Stjeltjes derivative ofthe increasing function ( 7 (r)=^({g £ G: 'tlj{g) < r}). 


2.4.1. Characterization of the g-Plancherel condition. By formula (12.31) the 

CB{L 2 {FG), CG) norm of can be expressed as an integral of F. The following 
lemma (whose proof is straightforward and we shall omit) allows to express the 
CBPlan* property as a L(^/ 2 )'(®+) bound on 

Lemma 2.21. Let (fl, E) be a measurable space and consider two measures /i, v on 
it. Assume in addition that p, is a positive measure. Then, we have the inequality 


(2.4) 



f{uj)dv{uj) 


< KWfWhridX 


if and only if v p and (j) = du/dp satisfies \\4 >\\l /{dp) Fi K. Furthermore, the 
optimal K in (El is precisely ||())||Lp,(dF) • If is also positive, it is enough for 
(El to hold only for positive functions. 


Proposition 2.22. Let G he a LCH unimodular group equipped with a c.n. length 
i/) : G —^ 1R+. Then, this pair satisfies the CBPlan^ property with respect to some 
increasing function 4) : 1R+ —>■ ]R_|_ if and only if dp^jiij) = drp{g £ G : tpig) < r} 
fulfills the following conditions: 


i) dp^jj -C dm. 

dp^tp 


ii) 


dm 


X[0.R] 


'^(<!/2)'(K+) 


< 4>(i? 2 ) 1 for every R > 0. 


Proof. Let t = 1/R and G(s) = |F(s)p. By (12.31) . CBPlan^ is equivalent to 


rR 


G(s) dpp,{s) 


= ^{R-i)-^R~h 



2 

g 


Then, the result follows applying Lemma 12.211 to {Ll,dv,dp) = (R-|_, dm). □ 
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The result above uses the crucial fact that the spectrum of the semigroup S 
generated by ijj can be identified with G. Therefore, spectral properties of the 
semigroup can be translated into geometrical properties of G. It is also interesting 
to note that the characterization in Proposition 12.221 can be expressed as a bound 
for the size of the spheres associated to the pseudo-metric h) = . 


2.4.2. Stability under direct products. Consider two pairs {Gj,ipj) of LCH 
unimodular groups equipped with c.n. lengths for j = 1,2. Then it is clear that 
^ : Gi X G 2 —>■ R+ given by '0(5, h) = 'ipi{g) + '02(li) is also a c.n. length. Notice 
that 


T iP 

^ PW\\cB{L2{CG),CG) 


' Gi XC ?2 


|-F(0i( 5) -b02(/l))| dflGrig) 






Thus, the Plancherel measure is obtain the following result. 


Theorem 2.23. A ssume (Gj,0j) satisfy CBPlan^^:’ for j = 1,2. Then the pair 
(Gi X G2,'0) defined above satisfies the CBPlan^ property with $ = 4>i$2 and with 

t Vgi g2J ) 


Proof. The result is a simple consequence of Young’s inequality for convolutions 
and we shall just sketch the argument for the (slightly more involved) case where 
l/qi -I- 1/92 > 1/2, so that q = 2. According to Proposition 12.221 it suffices to see 
that 


d0i d02 
dm dm 


< 


1 


L„(0.R) - i?$i(i?-l/2)$2(A-l/2)- 


The CBPlan*/ property of (Gi,0i) implies 


dipi dip2 

< 

dipi 


dip2 

dm dm 

00 

dm 


dm 


< 


1 


^ $i(i?-l/2) 

Now, since 1/gi -b I /52 > 1/2 it turns out that 
1 1 


d0>2 


dm 


51/2 ( 92 / 2 )' 


1 

- 

dip2 

< R- 

dip2 

r 

dm 

2 

dm 




The result follows from the characterization of CBPlang’^ in Proposition 12.221 □ 


Remark 2.24. A result along the same lines can be obtained for crossed products 
under invariance assumptions on 0i. This goes in the same spirit as Remark l2.10l 


2.4.3. Refinement of the smoothness condition. Here we are going to see how 
we can prove the optimal smoothness order in the Hormander-Mikhlin condition of 
Theorem B ii) when ip satisfies the CBPlan^ property. We need several preparatory 
lemmas. In the next one we denote by 1T/'’'’(K+), where rj G the Sobolev space 
given by completion with respect to the norm 

ii/iiwP’'’(K+) = ||(i “ 
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Lemma 2.25. Given f,g : R+ C, the following holds: 

i) For every e > 0 

11(1 - dlr/^fg)l <(.,,) 11(1 - - dly/^gW^. 

ii) If piz) = z'^e-^ and 

Equivalently, we find the embedding C(s,£) W^^'*(K+). 


Proof. The second point follows immediately from the first one by noticing that 
p{z) = z^e~^ has finite VF^’'*(K.+) norm. We are going to prove the first point for 
s € N and use interpolation. Given s € N, we have 


(X-diyi\fg) 


= El|i;(()®«^>fo!')|L 

k^O j^O 

s 

( maxJ|a^/||oo)(Ell^xffll2) 

k^O 

^ w^ifWoo) II (1 - diy^^g 

\0<j<s / 


Thus, all we have to see is that for every j € {0,1, 2,..., s} 

|| 5 ^(i-a 2 )-(^+^+i)/VL <(£.£) Il/lloo. 

Recall that if the symbol of a Fourier multiplier is given by the Fourier transform of 
finite measure, then it is bounded in Loo(R)- Thus, we just need to see that there 
is a finite measure pj^s such that 


Mt.s(C) — 




(1 + I^P)^ 


= sgn(^)^ 


I^P 


(1+|^|2)^±V^ (1+m^ 


= (Hyyvsj) 


where Hy-^ is the Hilbert transform for j odd and the identity map for j even. By 
[551 V.3, Lemma 2] mj is a finite measure. Therefore, it is enough to see that if 
= 1/(1 + then Hyyiysj) is a finite measure. Applying the 

Hilbert transform or identity map to [38l V.(26)] gives the desired result. □ 


Lemma 2.26. A ssume G is a LGH unimodular group, fj : G ^ 1R+ is a c.n. length 
and that they satisfy the CBPlan^ property. Ifgi, 772 G H“(Ee), with 771 satisfying 
that there is 7 > 0 such that 1771 ( 2 :)| < ^ ^ then the following 

estimate holds for all m £ Loo(]R+) 

ll^(7^(^)77l(^^)772(i^))|L^(£G) ^(0*.9.7) lh(^~'-)^2(-)|L,(R+)- 


Proof. Using integration by parts we obtain 


|A( 77 i(' 0 ) 77 i (17/1)772 (tl/')) I 


L2{CG) 


A {m{tp)g[ (r )772 {ty)xio,r) {ty))dr 


L2{CG) 
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< 


?7'i(r)||A(TO(V')?72(iV')X[o.r)(iV')) IL,(£g) 


Nos, applying the CBPlan^ property, we obtain 


dr 




So, we just need to estimate the integral in the right hand side term 
-1/9 r /■! ^ 'r-l/9 


V'i(r) 




—dr = 


E 

i=o' 


4J 




The first term is bounded as follows 






For the rest of the terms, we apply the doubling condition to obtain 


. , 2 ^^ 0 +i) 3-2^ , 

B, <3-4i||r;i|U^([4.-4i+i)) hilU„([4y4i+i)) 




The function 771 decreases exponentially and so does 774 . Therefore 77 ^( 2 ) < e for 
Re{z} large enough. That allows us to sum up all the terms in the series obtaining 
E,-B,<<i>(Vi)- 2 up to a constant depending on (£>$, 7 ), as desired. 


□ 


Proposition 2.27. Assume G is a LCH unimodular group, 'tp ■. G ^ R+ is a 
c.n. length and that they satisfy the CBPlan^ property. Assume in addition that 
X G CG'f is doubling and admits L 2 GB. Then, we find for k,5,£ > 0 


+ ■>'(■) 


I WP’'"+'’(R+)’ 


where Bt = X (m{'4))ri{t'ip)e p is a Tl^-cut-off and a = 2^/5+ (1 -|- e)/ 2 . 

Proof. Fix K,S,e > 0 and a = 2 k/5 -|- (1 -|- e)/2. We define the linear, unbounded 
map Kt : D C Loo(R+) —>■ L 2 {CG) by Kt{m) = X{m{ttp)p{t'ip)e~'^*'^{t'ip)°-). Using 
Lemma [2.261 with 771 ( 2 ) = 2 “e“^^ and 772 ( 2 ) = r]{z) gives that 

1 


(2.5) 


Kt : W«’°(R+) ^ L2iCG) 


< 


{Dis,,q) 




Let us denote by (f)t,K the family of weights given by (j)t,K{x) = t{(1 -|- t~^X^)'^x} 
and let L 2 {£G,(j)t,K.) be the Hilbert spaces associated to the GNS construction of 
4>t,K.- We know from Proposition 12.161 that 

1 


Kt : W, 


2,s+l 


^+) —>■ L 2 {CG, 4 >t,s) 


< 


(K,(5,e) 


HViy- 


where s = 2k/ S and p{z) = 2 “e Gomposing with the inclusion 


W, 


Q,s-\ —Y^ + l+e / 


4 ) C{s,e') W, 


2,s+- 
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which follows by interpolation from Lemma l2.25l for q = oo and the trivial inclusion 
for q = 2, gives 


( 2 . 6 ) 


Kt : ^ L2(/:G, <(>*.«) 


< 




Notice that the spaces obtained through GNS construction L 2 {CG,(j)t^K,) are well 
behaved with respect to the complex interpolation method. In particular, the 
expected identity below holds 

[L2 (GG, 4 >t,Ki ), L2 (GG, (j)t G2 (GG, ■ 

Therefore, interpolating (12.5|) and (12. 6 |) with 0 = (5/2 yields 


Kt : Wt 


g.K+|(i±£ + l+e'), 


^+) L2{CG, (j)t,es) 


<, 


1 


Finally, choosing e and e' such that ((1 + e)/2 + 1 + e') < 2 gives 


Kf.W?.’^+\^+)^L2{CG,ct>t,.) 


< 


1 


{D<^ ,q,K, 5 ) 


d>(-\/t) 2 


□ 


Therefore, applying this bound to the function m{t ^•) proves the assertion. 

Proof of Theorem B ii). Let s > Z)<i>/2. For any r] G TL^ and 5, e > 0 we can 
define 771 ( 2 ;) = r]{z)e~'^^z'^, where a = 2s/S + (1 + e)/2. Set Bt = X{m{il^)r]i{t'ip)) 
and apply (12.2() . By Proposition 12.271 


SUp||St||L 2 (z:G) ;$(D4,,g,s.5,e) SUp||m(t ^ ■)r]{-)\ 


t>0 


t>0 


IVp.‘s+' 5 (R+)- 


Once this is settled, the argument continues as in the proof of Theorem B i). □ 


2.5. An application for finite-dimensional cocycles. Our aim is to recover 
the main result in [TO] for the case of radial multipliers to illustrate how the Sobolev 
dimension approach is, a priori, more flexible than the one used in [19] . We will 
start proving that c.n. lengths coming from surjective and proper finite-dimensional 
cocycles satisfy the standard assumptions. Then we will reduce the case of general 
finite-dimensional cocycles to surjective and proper ones. 

Let & : G —>■ R" be a finite-dimensional cocycle. Assume that b is surjective and 
proper (i.e. b~^[K] is a compact set for every compact K). Then the pullback of 
the Haar measure b*iJ,{E) = iJ,{b~^[E]) in K” is translation invariant and therefore 
satisfies satisfies that db*^{^) = cd^. Indeed, let a : G —>■ Aut(R”) be the action 
naturally associated to b. Given a Borel compact set E C R" with b~^{E) = A C G 
and since b{gA) = ag{b{A)) + b{g), we conclude that 

b*g{E) = g[A) = g{gA) = b* g.{ag{E) + b{g)). 

Note that g{A) is well-defined and finite since b is continues and proper. Applying 
this identity to the a-invariant sets E = Br{0) and using the subjectivity of b, we 
conclude the assertion. An important consequence of this fact is that 

where S = (S't)t>o is the semigroup associated with tjj{g) = ||fe( 5 )|p and $(t) ~ G. 
Therefore, the semigroup associated to any proper and surjective finite-dimensional 
cocycle satisfies the GBR* property. In the same way, the measure defined in 
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(j2.3[l can be expressed (using polar coordinates) as in terms of b*fj, and a trivial 
calculation gives that '0 has the CBPlanf property. We need to find a suitable 
Xb € CG^. We shall prove that b induces a natural transference map from functions 
/ : M" —>• C into operators x G CG given by 

J{f) = Hhb). 

Therefore, if 7?. is a distribution in R" such that TZ{x} = |a;|, our choice will be 
Xb = X{TZ{b)). Before proving Xb € CG'l we will need the following auxiliary result. 

Lemma 2.28. If (fij ■ R" C are radial Li-functions 

\{ipi O b) X[ip2 ob) = A(((/3i * (^ 2 ) o b) 

for any group G equipped with a proper and surjective cocycle b : G ^ R”. 


Proof. Up to constants, we know that d{b*pj = dm, so that 


{(fii o b) * {ip 2 o b){g) = 


(pi{b{h))ip2ib{h~^g)) dp{h) 
(pi{b{h))(p2{ah-i{b{g) - b{h)))dp{h) 
(pi{b{h))(p2{b{g) - b{h)) dp{h) 

(0752(6(5) - Od ( 6»(0 

751(0752(6(5) - Oc^C = (751 * 752) (6(5)). 


Taking the left regular representation at both sides yields the assertion. □ 

It is straightforward to restate Lemma r2.28l in terms of the transference operator 
J'. Namely, we shall be working with the following subclasses of radial functions 
in the Euclidean space R" 


A = 

|0 : R" C 

0 radial, 0 is a finite measure in R”|, 

71+ = 

{0 : R” ^ C 

0 radial and positive, 0 is a finite measure in R" | 


Observe that (fj G A implies by Lemma 12.281 that 
(2.7) 77(01 02) = 77(00,7(02). 

In fact, we will make use of the following consequences: 

i) 77 : .4 —> CG is completely bounded. 

ii) 77 (.4) is an abelian subalgebra of CG. 

Indeed, it follows from (12.71) that 77 is an ^-homomorphism on A. In particular, 
it is completely positive and its c.b. norm it determined by 77(1). The Fourier 
transform of 1 is the Dirac delta 60 at 0. Let us approximate 1 in the weak-* 
topology by ^^(O = exp(—i5|0p) as 5 —>■ 0+. By the weak-* continuity of 77, it 
turns out that 

ll'^(l)|l£G = ,1™. ° ^)ll£G ^ ,1™ 11^^ ° HlPCG) = ^^(0 df = I. 
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Thus J is a. completely positive contraction. Once this is settled, ii) follows from 
(j2.7[l . In order to define Xb as an element of CG'^, we need to express it as the 
supremum of positive operators in CG. We use 



and think of = ICP se as a continuous partition of the unit. Hence 

1 ^1=/ l?l»7s(C)—:= / \^\'ns{i)—Xb := sup J{4‘6,r)- 

^ Je ^ 0<£<i?<oo 

This presents Xb as a well-defined element of the extended positive cone CG'^. 

Theorem 2.29. Let G he a LCH unimodular group and consider an n-dimensional 
proper and surjective cocycle b : G ^ K” equipped with the conditionally negative 
length ipio) = II^(5)IP- Then {G,ip,Xb) satisfies the standard assumptions. 

Proof. We will start by proving the L 2 GB. By noticing that ( i-A- X[r,oo)(C) is an 
increasing function and the normality of the weight cc 1 —> r {x |A(e“*’^)p} we obtain 
that 

r{x[rMXb)\X{e-^^)f}= sup r{x[r,o.){J{fie,R))\Ke-'H^]- 

If P is a polynomial, (123) gives P{J{<j))) = J{P{(j))). The function X[r,oo) may not 
be a polynomial but we can approximate it by analytic functions as follows. Let F 
be 

1 I 2 

m = 7j + - ds. 

We define the function Xn,r > 0 by 

Xn.r(C) = {F{n (C - r)) - F{-nr)f. 

For r > 0, the positive functions Xr,n converge pointwise and boundedly to X[i._oo) 
as n —>■ 00. Furthermore, Xra.r-(O) = 0 and Xn,r is a real analytic function with 
arbitrarily large convergence radius. By the analyticity it holds that for any radial 
(j) in the Schwartz class 

The right hand side is well-defined since Xr.nifi) is again a Schwartz class function 
and so its Fourier transform is integrable. By [101 Proposition 1.48] if Xn,r converges 
to X[r.oo) pointwise and boundedly then Xn,r{x) converges to X[o.oo)(3^) is the SOT 
topology for any positive x G CG. We have that 

'r|x[r,oo)(-^f)) |A(e“*^)p| = sup t| SOT-limXr.n(J"(</'e.R)) |A(e“*^)p| 

t J 0<e<R<oo t J 

= sup lim T|j^(xr,n |A(e“*’^)p| 

0<e<R<oo'^^°° t J 

< lim sup T\j{Xr,nO(l>e,R)\Xie~'^'^)\'^\. 
n-)-oo o<£<fl;<oo t J 

On the other hand, is trace preserving since 
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Moreover, A(e = J{ht) for the heat kernel ht in R” and 




lim sup T\j{Xr,nO(t)e,R)\J{ht)\'^\ 
n^ooO<e<R<oo J 

lim sup T\j({Xr,nO(l}e,R)\htf)\ 
"^°“0<e<R<oo I- J 


lim sup 

ra^oo 0<e<R<oo . 


Xr,n(^e,R( 0 ) 

< lim [ Xr,n(|CI) 

n^OD J-^n 


X[r.oo)(l^l) 


< 


HVi) 


e 2 ‘. 


The CBHL inequality will follow from the Loo Gaussian lower bounds 


(LooGLB) I (x[o,.)(^ 6 ) A(e-*’^) X[o..)(^b))' 


-1 


> 


e ^ t 


CG "" ^{Vi)' 


Recall that if a; G A4+ and p is a projection then p||(pa;p)“^||“^ < pxp and 
so we can understand the right hand side of dLooGLBl ) as a lower bound on 
X[o,r-)(^6) A(e“‘’^) X[o^r)(^6)- The LooGLB allow to bound the noncommutative 
Hardy-Littlewood maximal operator by the maximal operator associated with the 
semigroup. Indeed, since Xi, and A(e“‘’^) commute from (12.7p we deduce that 
HLqqGLBP yield 

< X[o,t)(^b)A(e-‘^’>)X[o,t)(^ 6 ) < A(e-‘'’^). 


This implies 


X[o,t)(-^&) 

$(t) 


* a; < St 2 (x), 


for every positive x. Now, using the maximal inequalities for semigroups of |24| 
gives the boundedness of the noncommutative Hardy-Littlewood maximal for every 
1 < p < oo. The fact that S'*®Id is again a Markovian semigroup gives the complete 
bounds and so the GBHL inequality holds. To prove that dLpoGLBP holds we use 
that ■. A ^ CG is a complete contraction. Justifying the calculations like in the 
case of upper L 2 Gaussian bounds and using (1^ we obtain that 


(x[0.r)(-’^&)A(e *'^)X10,r){Xb)j 


CG 


< 


< 

< 


[x{e-^^^)UXb)X{e-^^)) 

J{U\-\)K^)\\cg 

X[0.r)(| • \)ht lli^(Rn) 


CG 


where Xr S C'“(R_|_) is an smooth decreasing function which is identically 1 in [0,r) 
and supported by [0, 27-). Taking inverses gives us the desired inequality. □ 


Corollary 2.30. Given a LGH amenable unimodular group G, let b : G ^ M" be 
a finite-dimensional cocycle with associated c.n. length if {g) = |6(p)p. Then, given 
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a symbol m : 1R+ —^ C and 1 < p < oo, the following estimate holds for any 
cut-off function 77 and any s > nf 2 

ll^"*°V’|lcB(Lp(£G)) ~(P) 

Proof. If the cocycle b is surjective and proper the result follows from Theorem 
[b 1 Indeed, in that case we know from Theorem 12.291 that satisfies the 

standard assumptions with $(s) = s" and Sobolev dimension = n. Moreover, 
the CBPlan* property also holds as we explained before Lemma r2.28l In the general 
case take Gx, = K" Xq, G where a : G ^ 0{n) is the orthogonal representation that 
makes g ^ {x ^ agX + b{g)) an affine representation. The function fox, : Gxi —>■ R" 
given by b^ {f, g) = f+b{g) satisfies the cocycle law with cocycle action /3 : Gxi —>■ R" 
given by = exg. Indeed, we have 

otgf^gh) = f + agC,+b{gh) 

= ^ + agC + otgh{h) + b{g) 

~ /3({,g)(^xi(Cj^)) + 

Furthermore b^ is clearly surjective but it may not be proper. In that case, we 
shall take the associated affine representation ttxi : Gy, —?► R" x 0 {n) and note that 
the quotient representation 7 r° : G^ = Gxi/ker( 7 rxi) —>■ R” x 0{n) satisfies that its 
associated cocycle h%, : G^ —R" is always proper (even if it is not injective). To 
see that, let pi : R” x 0{n) —>■ R” be the natural projection into the first component 
and consider a compact set K C R". Then 

{b°^)-\K] = [^l)-\pf\K]] = x 0 (n)] 

and the last term is compact since K x 0{n) is compact and 7 r° is a continuous group 
isomorphism and hence proper. Summing up, we have the following commutative 
diagram 


R” Xa G = Gy 


(R” Xa G)/ker(7rxi) = G° 

According to Theorem 12.291 for the last cocycle we can use that (G^, tpy , Xt,o ) 
satisfy the standard assumptions, where is the c.n. length naturally associated 
to b°^. By Theorem |b 1 this implies 

Now, using de Leeuw’s type periodization [3l Theorem 8.4 iii)] we obtain the same 
complete bounds for Tmo^}^ in Lp{LGy) for every 1 < p < 00 . In order to prove 
the assertion, we just need to restrict to the subgroup {0} x G < Gxi-This follows 
from the de Leeuw’s restriction type result in [31 Theorem 8.4 i)]. □ 
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2.6. Foreword. During the exposition of the contents of Section [2] several natural 
questions arise. 

1. The first question is whether all finite-dimensional proper cocycles, not 
necessarily surjective, such that their associated c.n. length satisfy CBR$ 
have L 2 GB for some X S CG'^. We have only been able to prove it in 
the easier case of surjetive cocycles. To that end, our intuition is that a 
(probably nontrivial) generalization of (12.71) will be required. 

2. The second point sprouts from the annoyance of the fact that we have 
not been able to produce explicit examples of infinite-dimensional cocycles 
with L 2 GB. We are not confident about their existence. It will be of 
great interest for us to either construct infinite-dimensional cocycles having 
L 2 GB or to prove that all c.n. lengths admitting X with L 2 GB come from 
finite-dimensional cocycles. A way of relaxing such problem is to change 
the family of c.n. lengths arising from finite-dimensional to the family of 
(real) analytic c.n. lengths (in order to make sense of analyticity we will 
require G to be a Lie group). Note that every finite-dimensional cocycle 
6 : G —>■ K" over a Lie group G induces a group homomorphism of Lie groups 
TT : G —>■ R" X 0(n). Such homomorphisms are automatically analytic. 
Therefore, the function 'ip ■ G ^ K+ is real analytic. It is reasonable to 
conjecture that every '0 : G —>■ R+ defined on a Lie group and with L 2 GB 
is analytic. 

3. A possible strategy for constructing conditionally negative lengths coming 
from infinite-dimensional cocycles with L 2 GB is to extend the stability 
results (announced in R,emark l2.10|l for crossed products to non 0-invariant 
ipi : H ^ R_i_ and Xi G CHP^. If either G is amenable or 0 : G —>■ Aut(iL) 
is an amenable action, some sort of averaging procedure may give new c.n. 
lengths having L 2 GB if the original ones do have L 2 GB. It will also be 
desirable to extend the stability of the standard assumptions to extensions 
of topological groups. 

3. Non-spectral multipliers 

3.1. Polynomial co-growth. As we have seen, elements in the extended positive 
cone £G() can be understood as quantized metrics over CG. Indeed, when G is 
abelian, any invariant distance over its dual group is determined by the (positive 
unbounded) function d(e,x) affiliated to Loo(G), since d{xi,X 2 ) = d{e,Xi^X 2 )- It 
may seem natural to require X to satisfy properties analogous to the triangular 
inequality, the faithfulness and the symmetry. Nevertheless, such assumptions will 
not be necessary here since we will need just “asymptotic” properties of X. Indeed, 
one of our main families of examples will come from the unbounded multiplication 
symbols of invariant Laplacians over G. In order to match the classical case of R” 
with the standard Laplacian, whose multiplication symbol is we will use the 
convention that X behaves like d{e,x)^- That will explain the 1/2 exponent in 
some of the formulas. 

Definition 3.1. Given X G CG^, we say that X has polynomial co-growth of order 

D iff 

D = inf {r > 0 : (1 -f X^^^ G LffCG)'^ < 00 . 
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The definition is motivated by the fact that if we are in an abelian group and 
X is the unbounded positive function given by where d is a translation 

invariant metric then, defining $(r) = r(x[Q j. 2 )(X)) = /i(i?r(e)), we get 


\{1 + X) 


-Dl2-e\ 


(1 + 7 - 2 ) 


2'i#+e 




2 r$(r) 


(1 + r2) 


2'|# + l+e 


-dr. 


In particular the last expression is finite whenever . 


Remark 3.2. In the proof of Theorem o we are only going to use that the 
convolution operator u i—>■ u-k (1 -\- X)~^ is completely bounded on Lp{CG) for 
(3 > D. Any element in Li(CG) induces such bounded operator. Indeed we could 
have defined a similar notion of polynomial co-growth alternatively as 

i:> = inf {r > 0 : (1 -f e CB(Li(£G))} < oo, 

where (1 -I- X)~’'/^ is identified with the operator a; i-A (1 -I- * x. This 

condition is a priori weaker than co-polynomial growth although they coincide for 
amenable groups. We will stick to the original since it is a condition general enough 
to allow us to prove Theorem [C] and restrictive enough to be fully characterized. 


Now we are going to prove the existence of unbounded operators affiliated to CG 
behaving like multiplication symbols for left or right invariant Laplacians. Recall 
that a submarkovian semigroup S acting on Loo(G) is respectively called left/right 
invariant when St o Xg = Xg o St or St o pg = pg o St accordingly. 

Proposition 3.3. Let G be a LCH unimodular group and consider any submarko- 
vian semigroup S over Lao(G). Let A denote its positive generator. Then, the 
following properties hold: 

i) If S is left invariant then there is a densely defined and closable unbounded 
positive operator A affiliated to CG such that, for all f G dom(A) C L 2 {G) 

X{Af) = X{f)A. 

ii) If S is right invariant then there is densely defined and closable unbounded 
positive operator A affiliated to CG such that, for all f G dom(A) C L 2 {G) 

XiAf) = AXif). 


Proof. We start by proving ii). Notice that A : dom(A) C L 2 {G) —>■ L 2 {G) is 
densely defined. It is affiliated with CG iff for every unitary u G CG' = TZG we 
have that uA = Au. Since St is p invariant and we can approximate in the SOT 
topology every element in TZG by linear combinations of elements in (pg)g^Q, we 
obtain that St commutes with any element x G TZG. A function / G L 2 {G) is in 
dom(A) when 


lim 

t^o+ 


Id-St 
t ^ 


exists in 1^2 (G) and we then have 


lim 

(->■ 0 + 



Id-St 
t ^ 


= 0 . 

2 


This implies udom(A) C dom(A) for any U{TZG). Multiplying by u we obtain 

Id-^t 


\uAf — Am/ L < lim 
' t^o+ 


Id - St 

uAf - -—uf 


lim 

(->■ 0 + 


t 


-uf - Auf 


= 0 
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for every / G dom(A). This proves that A is affiliated with TIG. Notice that 
A : L 2 {G) —^ L 2 {CG) unitarily. We will define A = A^A*. By definition A is an 
unbounded operator on L 2 {£G) affiliated with {XJZGX*)' = \CG\* which is also 
equal to the von Neumann algebra CG acting by left multiplication in the GNS 
construction associated to its trace. The operator A is densely defined and closable 
since A is densely defined and closable. The identity of ii) follows by definition. 
The construction for i) is somewhat analogous. We need two trivial observations: 

1. The anti-automorphism cr : CG —>■ CG extends to a unitary operator (J 2 : 
L 2 {CG) —>■ L 2 {CG) since t o a = t. If tt^ : £Gop —>■ B{L 2 {CG)) and 
TTf : CG —>■ B{L 2 {CG)) are the right and left GNS representations, then 

(72 O TTrix) = 'Kl(ax') O 02- 

2. The anti-automorphism a extends to an automorphism of the extended 
positive cone £G^. We are going to denote such extension again by a. 

Notice that, since 7rf[£G]' = TTr[CG], any element in x G t:i[CG]' can be expressed 
as TTr{x') for some x' G CG. By point 1, the map that sends x to x' is given, after 
identifying CG with its GNS representation 7r^[£G], by x' = cr(cr 2 XG 2 ). Let S be 
given by S' = AAA*. Then S is affiliated with (A£GA*)' = ttiICG]' . If we define A 
as A = cr((T 2 S( 72 ), where a is the extension of point 2, we obtain i). □ 

Remark 3.4. Since G is unimodular, the unitary l : L 2 {G) —>■ L 2 {G) given by 
f[g) I—> f{g~^) is an isometry that intertwines pg and Xg. We can characterize the 
pairs of left and right invariant operators Ai, A 2 whose left and right multiplication 
symbols, Ai and A 2 respectively, coincide. By a trivial calculation those are the 
operators such that Aii = tA 2 . Indeed, using that A : L 2 (G) —>■ L 2 {CG) satisfies 
XoL = (72 0 A and that if A is the infinitesimal generator of a submarkovian semigroup 
then A^ = A, we obtain that 

(7(AAiA*) = (72AA2A*(72 = XiA2iX^ j 

but the right hand side satisfies that (7 (AAiA*) = AA^A* = AAiA*. 

Now we are going to characterize those semigroups whose infinitesimal generator 
has polynomial co-growth. In order to prove the characterization we will need the 
following two lemmas. Recall that the Fourier algebra AG is defined as those 
/ : G -)► C such that A(/) G Ti(£G) with ||/|Ug = ||A(/)||li(£G)- We will use 
below the straightforward inequalities for / G AG 

(3.1) |r(A(/))|<||/|U<r(|A(/)|). 

Indeed, both follow from the identity t(A*A(/)) = f{g) which is valid for / G AG. 

Lemma 3.5. Let G be a LCH unimodular group and S a semigroup of right {resp. 
left) invariant operators satisfying that St : Gq{G) —>■ Go(G). Let A be the positive 
generator and assume further that A has polynomial cogrowth of order D. Then 
W^^{G) n AG is dense inside IF^’®(G) for every s > Dl2 + e. 

Proof. We will prove only the right invariant case. Notice that AG is closed by 
left and right translations. The fact that St ■ Go(G) —>■ Go(G), together with the 
Riesz representation theorem gives that for every g € G there is weak-* continuous 
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family of probability measures on G, {pf)g^G,t>o such that 


Stf{9)= [ f{h)dfif{h). 

JG 

Applying the right invariance gives us that dfj,f{h) = d 9 ,f{hg~^). This yields 


(3.2) SJ{g)= [ pgfdf,t = i*gt*f{9), 

JG 

where It is clear that \\Stf — /||l 2 (G) —>■ 0 as t —>■ 0+. Recall 

that the same is true for / G IT^’®(G) in the VF^’'*(G)-norm for every s > 0. Suppose 
that / G W^’^{G), then, applying the formula (13.21) together with the polynomial 
co-growth, we have that 

Stf = L*gt * f = * (1 + A)“5(i + A)if = ht,s * 9, 

where g = (1 -|-We have that II 5 II 2 = ||/||^.^,s ,2 and 

ll/*t,s ||2 < ||(1 + A) < |/rj|||(l-f A) ^ 

This proves that Stf G AG (~l IT^’®(G). Making t —>• 0+ completes the claim. □ 

Theorem 3.6. Let G he a unimodular LCH group and let S be a right (resp. left) 
invariant submarkovian semigroup over G. Let A be its infinitesimal generator 
and assume further that St '■ Go(G) — >■ Go(G). Then, the following assertions are 
equivalent: 


i) The multiplication symbol A of A has polynomial co-growth of order D. 

ii) S satisfies the following inequality for every e > 0 


(1 + A) : L2{G) —>■ Too(G) 


< 


(e) 


1 . 


Proof. To prove i) ii), pick / G AG (~l IT^’®(G) for s = Dj2 -\- 2e and note 


ll/lloo < ||A((l + A)-®/2(l + A)®/V)||i 
= ||(i + a)-^/"a((i + a)®/V)||i 
< ||(i + A)-^/"|y|A((l + A)®/V)||2 

= ||(l + "4) ll/lllV^’'’(G) ^(e) ll/lllV^’'’(G)- 

We have used (|3.1D in the first inequality, ProDOsition l3.3l in the first identity and the 
polynomial cogrowth in the last inequality. By the density Lemma 13.51 we conclude 
that W^^{G) embeds in Loo(G) which is a rephrasal of ii). For the implication 
ii) i) we note that from (13.11) 


-((1 + A)- 


<11(1 +A) - "V 


< 


(e) 


Taking the supremum over / G T 2 (G) with norm 1 gives the desired result. □ 


Remark 3.7. Due to Proposition 12.11 we obtain that the point ii) is equivalent 
to satisfying the nltracontractivity property Rd+£( 0) for every £ > 0. Since Rd( 0) 
implies R£)+£(0) for every £ > 0, it is sufficient to prove R_d( 0) in order to have 
polynomial co-growth of order D. 
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Remark 3.8. Sobolev inequalities involving powers of 1 + A are sometimes called 
local [43l II.X] since they are tightly connected to the ultracontractivity estimates 
for 0 < t < 1 and in many contexts that amounts to describing the growth of ball 
of small radius. Therefore Theorem 13.61 relates the behaviour of the large balls of 
CG with the behaviour of small balls in G. This goes along the common intuition 
that taking group duals exchanges local and asymptotic/coarse properties. 

Proof of Theorem C. Let Bt = X{mr](t'ip)) and let Ai be the multiplication 
symbol associated with the generator of the right invariant semigroup iSi which is 
determined by Proposition 13.31 Then 

Bt = (l + li)-^ (l + Ti)^Ri 

Mt Et 

is a max-square decomposition. By the definition of co-polynomial growth we have 
that a\Mt\'^ = (1 -|- € Li{CG) and therefore it is a c.b. multiplier in every 

Lp{CG) for 1 < p < oo. Since Mt does not depend on t, the maximal inequality 
(MSp) is satisfied trivially. By the construction of Ai we have 

sup ||St||i,^(£G) = sup II (1 -k Ai)~X{mr){t^P))\\ = sup ||m? 7 (tV^)||^ 2 ,.i, .. 

The square-max decomposition is manufactured in exactly the same way. □ 

3.2. Sublaplacians over polynomial-growth Lie groups. Here we are going 
to work with left (resp. right) invariant submarkovian semigroups over Loo(G) 
generated by sublaplacians. Let M be a smooth manifold, X = {Xi, ..,Xr} be a 
family of smooth vector fields and p a u-finite measure over M. Let us denote 
by the one-parameter diffeomorphism generated by Xj and assume 

further that p is invariant under {aj(t))t^(-g^^g^). Then, the semigroup whose 
infinitesimal generator is given by the sublaplacian associated to X 

Ax = -E^l 

j=i 

is submarkovian. This is a consequence of the theory of symmetric Dirichlet forms 
m- If M = G is a Lie group, p its left Haar measure and X = {Xi,X^} 
left invariant vector fields. By the invariance under the one parameter subgroup 
generated by Xj of p we have that St = is a submarkovian semigrop of left 

invariant operators. The same construction can be performed using right invariant 
vector fields if G is unimodular. Any sublaplacian carries a natural subriemannian 
metric given by 

1 

dxix,y) = " | 7 ( 0 ) =x, 7 (l) = 2 /, 7 'W £ spanX( 7 (t))|. 

This metric coincides with the Lipschitz distance given by the gradient form, also 
known as Meyer’s carre de champs 130]. Observe also that, if G is a connected 
Lie group, then its subriemannian distance is finite iff X generates the whole Lie 
algebra. Similarly, / € Kerp(Ax) iff / £ Lp(Af) and f{x) = f{y) whenever the 
subriemannian distance dxix, y) is finite. 

The main family of illustrations of Theorem [C] comes from Lie groups endowed 
with right and left invariant sublaplacians. Indeed, let V = {vi,V2, Ur} C TeG be 
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a collection of, linearly independent, vectors generating the whole Lie algebra and 
Xi = {Xi,Xr} and X 2 = {Yi, ...,Yr} be its right and left invariant extensions 
respectively. Then their associated sublaplacians satisfy t= Axs t where we use 
''fig) = fi9~^)- Hence, it suffices to study the polynomial co-growth for Ax^. By 
Remark iTTl we just need to show that St = has the Rd( 0) property and by 

[43l Theorem VIII.2.9] we known that if G is a Lie group of polynomial growth, 
then 


-Pi 






^ htix.y) 


< 


=—/32 




yiBeiVi)) 


where ht is the heat kernel associated with St, dxi is the subriemannian distance 
associated to Xi and Be{r) are the balls of radius r with respect to that metric. It 
is a well known fact, see [23], that 


niBeir)) ~ 


for t small. Here Dq is the local dimension associated to Xi, given by 

00 

Do = J2^ dim(Fj+i/Fj), 

j=o 

where Fq = {0}, Fi = Xi and Fj+i = span{Fj, [Fj,Xi]}. As a consequence St has 
the i?D(,(0) property and therefore Ax^, and so Axa, have polynomial co-growth of 
order Dq. As a corollary we obtain the following theorem. 


Theorem 3.9. Let G be a polynomial growth Lie group equipped wit a c.n. length 
ij} : G ^ R+. Let rj G and consider a generating set X = {Xi, X 2 , ■■■Xr} 
of independent right invariant vector fields^ Let us write Ax for its sublaplacian^ 
Then, the following inequality holds for every 1 < p < 00 and any s > IIo/2 

\\Tm\\cB{L°{CG)) ^(p) supmax|||?7(ti/;)m||^2..(Q^, 

i 0 XX 
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